A.I' IKOJADHHRK

3AAAYA

AEJAEHNUA
KRPYTA




A, I'. IIKOJIbHUK

3AIAYA
NEJIEHWS KPYTA

H3JIAHHE TPETBE

TNOCOBHME OJIs1 YUUTEJIEH

o o
SIS R OO0
o O

T'OCYIAPCTBEHHOE
YUEBHO-TIEJATOrMYECKOE M3AATEJIBCTBO

MWHUCTEPCTBA TPOCBEIUEHHS PCOCP
MOCKBA*1961



Kunra A. I, LxosbHuka, NMOCBAIMEHHAS BONPOCY O ABYYJIEHHBIX
YPaBHEHHAIX H JeJIeHHH Kpyra LWHMpKYJeM H JIMHeHKOH, npeacraBisieT
cofoff HanUCaHHYI0 OyeHb AOCTYNMHO H BMecTeé ¢ TeM Ha Oe3yKopH3-
HEHHOM Hay4YHOM YpOBHe MOHOTpadMi0O 1O OHHOMY W3 BOMPOCOB, HaH-
6oJlee MHTEDECHHIX M NOYYHTEJbHHIX BO BCel HCTOPHH MaTeMaTHKH.
Vananue stofi MoOHOrpaum HMeeT JIOSTOMY SHAUHTENIbHYIO LEHHOCTb
Npexje BCEro /s OnOMHOTEKH YuMTeNs, a 3aTeM M [/ CTyIeHYeCTBa
H BCeX HHTepecyIOIHXcsl MaTeMaTHKOH H pa3BHTHEM e€ ulei.

HeiictButensnbiii uien ATTH npod. A. Xunyus.
9/X-1947 r.

H3 NPEJAHCJIOBHSA K IEPBOMY W3JIAHHIO

Bonpoc 0 BO3MOXKHOCTH AEJEHHSI OKPYKHOCTH LHMPKYJeM H JHHed-
Kot Ha paBHMe 4acTH (WM O BO3MOXHOCTH TNOCTPOEHHMsl NPaBUJBHLIX
MHOTOYTOJIbHHKOB), ¢ KOTODHIM MBI BCTPEYaeMCHi B KYPCe 3JeMEHTapHOll
reoMeTpul, He NOJyYaeT TaM CBOErO paspelleHus, Tak Kak Tpefyer
Gonee rayGOKMX CPeACTB MccaenoBanus, IlosiHoe petlienne 3TOH 3afauk
JaBajoch 0 CHX NOP Ha OcHOBe Teopuu laiya ¥ TWOTOMY OCTaBajoCh
B 3HAuHTEJILHON Mepe HeHOCTYNHHIM NPEnonaBaTtelsiM Cpedueil LIKOJLL,
He BJIaZielollnM 3Toit Teopuel. Hacrosimiast pa6ota craBMT CBOeil Lenbio
ZaTh BINOJHE CTPOTOE H3JOXKEeHHe Ha3BaHHOTO Bullle Bompoca Gosee
3/IEMEHTAPHBIMH CDeACTBaMH, 6e3 NMPHMEHeHUs TeOPUM TPy,



§ 1. BBEAEHHUE

1. Pemenue ypaBHeHuil Buza x" — q = (), Ha3bBaeMBIX
ABYWIEHHBIMH, HAXOJMTCSl B TECHO!H CBSI3H C TeOMETPHYECKON
3afadeil INOCTPOEHMSI TPABHJIBHHIX MHOrOYTOJMBHUKOB, HIIH,
YTO TO 2Ke, C 3ajayel JeJeHHs OKPYXHOCTH Ha DaBHBE YaCTH.
M3 snemeHTapHON reoMeTPHM M3BECTHO, KaK, NOJb3ysich LHp-
KyJieM H JIMHEHKOH, TOCTPOMTH BIMCAHHHE B OKPYXKHOCTB
KBaZpaT ¥ INPaBWIbHBE IIECTHYIOJbHUK, TPEYIOJbHHK, Je-
CATHYTOJIBHUK, ISITHYTOJBHHK W TNSATHAAUETHYTONbHHK. M3-
BECTHO, Jlajiee, KaK YABOUTb YHCJO CTOPOH  IPABHJIBHOIO
MHOTOYTOJIbHUKA, TOJB3YsCh TEMU K€ CPefICTBAMU IIOCTPOEHHUS.
Takum o6pasoM, OKa3HBaeTCsl BO3MOXKHBIM JIEJIUTh OKP YXKHOCTb
Ha 2k, 3 .2k 5.2k |5 . 2k yacreil. BosHukaeT Bompoc,
Ha CKOJBLKO 3Ke PaBHBIX 4acTedl BOOOLIE BO3MOXKHO PasfeHTh
OKDYXKHOCTb TPH TOMOLUIM LUPKYJSl W JuHeHkH. MoxHO Jm,
HanpuMep, pasfesuTh OKPYKHOCTL Ha 7, 9 M T. A. yacTefi?

3ajaua JeseHHs] OKPYKHOCTH, W3BECTHas eiié B JPEBHO-
CTH, NMOJYyYwsa CBOE TMONHOe paspellleHue, OJHAKO, JIHIIb
B HOBOe Bpewmsi. Peulenue eé pemano Ha jonio woworo [aycca,
BEIICHMBILErO YyCJIOBHS, OT KOTOPHX 3aBMCHT BO3MOXKHOCTD
NOCTPOEHUs] NPaBUJILHHX MHOTOYTOJBHHKOB [UPKYyJeM H JIH-
Helkoit, pokasaBmero (1796 r.) BO3MOMKHOCTH IIOCTPOCHHS
NPasUALHO20 CeMHAOLOQMUY20AbHUKG W IaBLIEro OOUMH MeTof
U TIOYTH HCUEPNHBAIOLIEE pelleHHe Bcefl npoOGieMH.

2. Pemenne apywienHoro ypassenusi x"—a = 0(a+#0)
PABHOCHJIEHO HM3BJIEUEHHIO KOPHA - CTeleHM M3 UHCIA Q:

np—
x =9 a. Tlocneguas 3ajaua JoIlycKaeT, KaK M3BECTHO,
clieayroiee perenue.
Iycts
a = r(cos ¢ -+ i sin 9),
TA€e ¥ — MOZYJIb M ¢ — apryMeHT KOMIVIEKCHOro yucia a. Kop-
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n
HEM n-fi CTENEHW M3 @ HasbiBaercst Takoe umeno b= Va,
yto b* = a.
Ilycte b = p(cos 6§ 4 ¢ sin 6). Torma, Bo3sBoms & B n-lo
cTeneHb 1o (opmyae Myaspa, nosyyaem:
p(cos nb + i sin n 6) = 7 (cos ¢ + i sin )
H, CJIeJIOBATE/BLHO,
"=r,nl =9+ 2kn (k=0,1,2,..),
OTKyZa
n,— — ¢+2k=
p=vr 0=
H, CleJIoBaTeNbHO,
b = 3/ (cos T tisin ‘LQ’”‘) (k=0,1,2,..). (1)

n

Tlon 1’7 Ml 81eCh NOHMMAEM MONOMHTENBHOE WHCO —
apuMeTHUeCKHH KOPeHb M3 MOJIOKHTEJLHOro yucaal.

Hasast k nocsiepobatenbuo spavenus 0, 1, 2,..., Mu momy-
yuM Jyisi b n pasnuuHbIX 3Hauenni npu k=0, 1, 2,..., n—1:

b0+i’/7(cosi+isin_‘f’),
n n

b1=1"/7(cos &Q-’l-yisinfi?-"),
n w
bo=1vr (cos eHAT | jsinin ) @)
n n

bn— =f/?(cos gf2n—Dr - isin 'r’+2(ﬂ—1)7r).
n n

Ilpu pmanbrefieM yBesmuennu k Kopuu 6yAyT mNOBTO-
patecsi. Hanpumep, npu £ = n 252%% . 2 1 on 4 1ak kak 21
n n
€CTb NEPUON NIl CHHYCA M KOocuHyca, 10 b, = b,. Takum 06-
Pa3oM, KOpeHb n-H cTeneHuW HMeeT f PasJMYHEIX 3HAYEHWH.
B wactroct, mpp a=1 (r=1; ¢ = 0) mu TIONy4aeM
ocoGeHHO BawHbINl cayuall xopued n-ii cmenenu u3 edunuypt:

e =c052:in +isin® k=0,1,2..,n—1. (3
n

! B TeopHH HppaLHMONAZBHHIX UHCEJ AOKA3WBAETCS, UTO A1 BCA-
KOTO TNOJIOKHTELHOTO JICHCTBHTE/LHOTO HHCMA o BCErJa CYLLECTBYeT

N y—
€JMHCTBEHHbI NONOXKHTENbHbIE KOpeHb fi-H cTenenH iﬂ"_':]/ d.
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Wau noapo6Ho:

g, = I,
el=cos—27-t~+isin E—,
n n
£, = COS—_ 4+ jsin —=
2 n n ) (4)
&y = cos Xn =1 1)1 +tsm l)
Tak xak
bkznr;[cos( +2kfﬁ) +151n( +2k1)] =
n n
n,— P n 2kn
=y'r [cos —}isin+) . cos 22 +l )
n n
TO
by = b 2. ©)

Taxkum ofpasom, 3Has bo — 3HaueHue 00HO20 KOPHA n-ii
CHeNeHU U3 4UCAG Q, Mbl MOJMeM NOAYYUMb 6Ce OCMAAbHbIE
KOPHIL YMHOJCCHUEM HQ 6Cc 3HAYEHUS KOPHA N-fi cmenelu u3

eOunuLbL.
(Dop\/l).flbl (1) u (3) moryr OHTbL 3amucaHe B 6ojlee KOM-

nakTHoil ¢opMe, ecnu npuGErHyTe K MNoKasarelbHOH (opme
KOMILJIEKCHOIO 4HCJIa '

a=r - e
(takyto ¢opMy AN KOMILIEKCHOTO 4YHMCJa Mbl HONYYHM, HC-
NIOb30BAB U3BECTHYIO (opMysy Ditnepal, cBA3bBaIOULyI0 MO-
KaszaTejbHyl0 (YHKUMIO C TPHFOHOMETPHYECKHMH: €OS ¢ +
+ i sing = e¥).

Torpa
n/_ <P+2kni
= r . n ’
} %@ ©)
ge=eg " . M

1 BHIBOAHTCS #3 pachOTpEHHﬂ pﬂﬁfs
e‘==l-% +' +- %— %—

2 24
Cos 2 == 1—— 4—-——...,

sinz=1 ” ﬁ
mz=l—gtg—-



Ecnu  Bocnosib3oBaThCs  TEOMETPHUECKHM H3oGpareHueM
KOMIJIEKCHBIX YHCEJ KaK TOYeK IJIOCKOCTH, TO CPasy CTAHOBHTCH
SICHOH TeCHasi 3aBMCHMOCTb, CYLIECTBYIOILAsI MEXKJY H3BJeye-
HUEM KODHsI f-ii CTENeHH H, CJIEJOBATENLHO, PEILEHHEM JIBY-
YIEHHOrO ypaBHEHHS, C OJHOH CTOPOHBI, M JEJNEHHEM OKPYHK-
HOCTH Ha N YacTell, WM NOCTPOEHHEM NpPaBHJLHOTO MHOIO-
yroJabHUKE, — C JPYrofi.

B camom pene, ¢opmysinl (2) nokasmisaot, uTo BCe 7 Kop-

o o n ,p——
Hell HMEOT OJMHAKOBH MOAYML p =11/ 7 M, cJefoBaTesbHo,
pacroJiaraloTcst Ha OKPYXHOCTH € LEHTPOM B Hauasie KOOpAH-
HaT W PajHycoM, PaBHHM .

Yepr. 2.

n=5 g=—14i= _-:?; a=1=cos0-isin 0;
=V§—(cm%§+isin%); 8k=l/T=C03‘(%m‘:+ism2_§5=

bk=w=i§—l2j-l= .
— 1075 7T ' = -
="V2[eos(F+27) + —e

+isin 3_’+?’L)J k=0, 1,2, 3, 4, 5

M3 paccMOTpeHHsi e apTyMeHTOB BHIHO, YTO KaMubiii H3
2r

HUX OTJan4aercsa oT cJiefyomero Ha — ; 370 U IIOKAa3HIBAET,
n

YTO TOYKH, Hsoﬁpamaroume KOPHHU n-ii CTeNeHu, JENAT OKPYXK-
HOCTb Ha n PaBHBIX 4acteii, YTO OHH PacloJaraioTcs B Bep-
LIHHAX [PaBHJIBLHOTO 7-yroJibHUKa (CM. uepT. 1 u 2).
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3. HTak, u3sBJeueHHe KOPHS, UJH pelleHue JBYUJIECHHOI'C
ypaBHeHHs], SKBHBAICHTHO reoMeTpuueckoll 3ajjaye HeJIeHHs
OKPYHXHOCTH, WJIH TOCTPOGHHS NPaBHILHOrO MHOTOYTOJbHUKA.
Hammeli LeJBIO ABASETCH HCCACJOBAHHE YCNOBHH, NPH KOTO-,
pHX 5T 337242 Ha NOCTPOEHHE PA3PENINMA C TMOMOLIBIO LHp-
KyJiss M JIMHeAKH. VIHHIMH C/OBAMH, HYXKHO YCTZHOBHTb, B
KAKMX CJAyYasix KOPHM [BYUIEHHOTO ypaBHeHHs MOrYT OHTh
[OCTPOEHH NPH TOMOIYM LuPKy/isi ¥ nuneiiku. Ho kak pemya-
eTCsl BOTIPOC O BO3MOMKHOCTH HOCTPOEHHSI UMPKYJIEM M JIMHEH~
Kol KopHell JI06Oro ypaBHeHHs BooOLie?

V3 sJleMeHTapHO! reoMeTPMH H3BeCTHO, Kak (C MOMOIIBIO
LUPKYJAS M JHHEHAKH) CTPOMTb CYMMY WM PasHOCTb JAHHBHIX
oTpe3koB @ + b umu a — b, mpou3BezeHHe OTpe3Ka Ha LEJoe

. ab :
YHCNO M - @, YETBEPTYIO MPONOPIMOHANBHYIO ~ ~ H CpPel-
1

nee reoMeTpuueckoe )/ ab. CnegoBatenbHo (mojaras B BH-

b
paXKeHHuH aT b=1wuc=>5, a B Bupaxenuut Jab b = 1),

Mbl BHAMM, YTO MOXK€M IIOCTPOHUTH OTPE3KH:

a+b, ab, % Va. ©®)

. Orciola BHITEKAET, YTO APU NOMOWU YUPKYAS U AUHeliKy
MOJCHO nocmpoume o6y Pyrkyuro OaHHuX eeruduti (ompes-
Ko08), ecal 0Asl €€ noAyueHus npuxoOUmMCs COBepUIdG KOHeUHoe
4UCA0 Pa3 CAeOyowue NAme onepayuil: CAoXeHue, 6biMumanue,
ymHodceHue, Oenerlle 1L USBAeHEHUE KEAOPAMHO20 KOPHSL.
B uacTHOCTH, CJIeIOBATEJIBHO, MOXKHO TOCTPOHTH KOPHH
KBajpatHoro ypaBHeHust ax? -+ bx 4+ ¢ = 0:

— b4y —4dac
v 2a b

TaK KakK JJifl MONYYeHHUA MX M3 JAHHHIX BeJHYHH @, b, ¢ Haj
HUMH He NPHUXOZHUTCA MPOM3BOAMTH HHKAKHX HHBIX JEHCTBHUH,
KpPOMe YKasaHHHX BHIIE onepamuii: ypaBHeHuwe ax? -+ bx 4
+ ¢ =0 paspemnMo B KBajPaTHHIX pajuKajax.
INpegnonoxuM o6paTeo, yTo HeKoTopasi BenMduHA (OTpe-
30K) — NycTb 3T0 GyZeT KopeHb KaKoro-auGo ypaBHEHHsl —
MOXKeT OLITh NOCTPOEHa C NOMOIIBIO (UPKYJist U JinHeliKu. Bes-
KOe TNIOCTPOEHME HHPKyJeM U JIUHeHKol pa3buBaercss Ha Paf
9/1IEMEHTapPHHX NOCTPOEHHH, KOTOPHIE 3aKJIOYAIOTCs B HAXOXK-
JACHHH TOYeK MepeceYeHHMs AM60 JBYX NpsIMHX, JHGO TIpsiMod
¥ OKPYKHOCTH, JIHOO ABYX OKpYKHOCTell. AHaJUTHYECKH . IJIs
HaXomieHus1 KoOPAUHAT HCKOMEIX TOYEK NPHUXOLUTCH PelaTh CH-

X2 =
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CTeMy JBYX YPaBHEHHIi: B C/iyyae IBYX NpSIMBIX—3TO JiBa ypas-
HeHust | cTeneHW; B cyyae npsiMOH M OKPYIKHOCTH —— ORHO
ypaBuenue | cTemenn u onmo ypapnenue Il crenenu; B Ciy-
yae JIByX OKpyxHocTell — 1Ba ypashenus Il crenend. Bo Beex
CIyuasX CHCTeMbl PA3PElIMMBl B KBAJPATHBIX PajuKanax (Miu
Jae 6e3 MX [OMOLIK). 3TO OUEBHJIHO B HIEPBOM H BO BTOPOM
ciyyasix. B mocnenHeM ciyyae NPUXOAWTCS peluaTbh CHCTEMY

ypaBHEHHH:
[F—aPd g — b =1t
L (x—a)? + (v — by)? =
OrkpbiBasi CKOOKW M BHUHTasl OJHO YpaBHEHHe U3 JPYro-
ro, MH IoJiyuuM ypaBHeHue I crenenu:

Nay—a)x + 2(by—b) y + (@462 — r* — a,>—b,>+r %) =0,

OnpeiesisieM U3 Hero X WId Y, NOACTABJ/sIEM B O}HO M3 MC-
XONHBIX  YPaBHeHHH, M JajbHeiilliee CBOAWTCI K PEIICHHIO
KBafpaTHOrO ypasHeHns. MTakK, KOOpAMHATH HCKOMBIX TOYEK
GyAyT BHpaKaTbcs IIPH MOMOLIM  KBaIPaTHBIX PaAuKajoB.
Uckomas BesqnuuHa (OTpPe30K) HaHAETCs KaK PacCTosiHHE MeX-
ny sTimp ToukaMu. Ho ¢opmysa anajuTHYeCKOH reoMeTpHH
d=V{x:s— x)? + (y2 — y1)? nawoumas paccTossHue MEKIY
JBYMSI TOUKaMH IO HX KOOPAMHATAM, He COJEPHKHUT HHKAKHX
JIPYTHX MpPPalMOHaTbHOCTeH, KPOME KBaj[paTHOro pajuKana;
n03TOMy He GyJeT MX COAEPIKaTh H HCKOMOE BEIpaXKeHHe sl
IaHHOH BesMuuHbL TakuM o6pas3oM, eCcjH HEKOTCpasi BeJIMYH-
Ha MOXeT ObITh MOCTpPOeHa IMPKYJEM W JIMHeHKOH, TO OHa
BLIpaxkaeTcsl (depe3 JlaHHble BeJHUMHB) B KBAJPATHHIX paju-
Kanax. MTak, OKOHUaTeNIbHO MBI MOXKEM CAENnarh ciedyroliee
3aKJIIoUeHue:

Jlas moeo amober KopHu ypaererus f(x) = 0 moaau Gbumo
NOCMPOEHBL € NOMOWIbIO YUPKYASL U AUHCLKU, #eobX00uMo U 0o-
cmamouto, 4mobul ypasHerue Mo Paspelianoct 6 KeadpamHblx
padurarax 1.

Mgt BupuM, TakuM o0pasoM, YTO NOCTaBleHHAss HaMH 3a-
Jaya JieNeHHs] OKPYXKHOCTH, WM NOCTPOEHUS NPaBWJILHOTO
MHGTOYTOJIbHUKA, IUPKYJIEeM H JIHHEHKOH CBOLUTCSI K BONPOCY
O pa3spelleHHH JBYYJICHHOIO YPaBHEHHSI B KBaJPAaTHHIX PajiH-
Kanax.

4. BO3MOXHOCTh paspellleHHs] JBYYIEHHOTO ypaBHEHHSI B
KBajpaTHLIX pajukanax OynxeT 3aBHCETb, KaK MBl yBUIHUM,

1 TlompobHee © pa3peildMOCTH  ypaBHeHHE B paiuKanax
cM. Huxe (§ 3).
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OT CBOHCTB IIEJIOTO 4HCAA 1 — CTENEHH JBYYJCHHOTO ypaBHe-
pusi. Tlpd YCTAHOBJEHHH 3TOH 3aBHCHMOCTH HAM TPHAETCA
onuparbcsl KaK Ha HEeKOTOpble CBOMCTBA LEJbIX YHCEJ, TakK H
Ha HEKOTOpble CBOMCTBA LEJbIX  PANMOHAAbHBIX (YHKUHMH
(Muorounenos, unu nonunomos). IlpocTefiiuke U3 HEX, YTOOH
K 5TOMY B JajbHefllleM He BO3BPAlLATbCsl, MHl 3JeCh HaNOM-
puM.  [IpnuéM, Tak Kak MHOrOwIeHb (Lesible palHOHAJbHEle
(yHKLWE) BeAyT Ce0st BO MHOTHX OTHOLIEHHSIX KaK HeJbie
uypcsaa, TO MBL, 9TOGH NPOCJECIUTH 3Ty AHAJOTHIO, H3JIOKHM
cBoifcTBa TeX ¥ APYruX napannenbHo. Ha nokasatennctee B

GOJIbLIIMHCTBE C/yYa€B OCTAHABJAHBATbCSl He GyjieM.

Jast iByx (ueselx M mo-
JIOXKHTEJbHBIX) UYuCes a U b
(@ > b) Bcerna MOXKHO Haii-
TH JABa 4ucaa ¢ (4acTHoe)
U r (OCTATOK) TaKHX, YTO:

r0<r<b)

(«1enuMOe PaBHO AENUTEJIO,
YMHOXXEHHOMY Ha 4YacTHOe,
oc OCTaTOK»). Ecau
r=0 u, cJIeaoBaTeJbHo,
a=bg, T0 a deaumcs Ha b,
WM KpaTtHo b; b sBasiercs
Ceaumeaen q.

a=bg +

HOns nByX MHOroYJeHOB
f(x) u g(x) Bcerma- MoxHO
HaliTH ZBa MHOTOuJeHa g¢(x)
(uactHoe) H r(x) (ocraTok)
TAKHX, YTO (TOMKAECTBEHHO):

fx) = g -+ g(x) + rx),

NpUYEM CTeneHb 7 (¥) MeHb-
me creneHu g(x).

Ecmu r(x) = 0 u, cnepo-
BaTeJbHO, f(X) = g(x) « g(x),
10 f(x) OJeaumca wa g(x);
g(x) ectv Oeaumens QyH-
kupu f(x).

I. Umelor mecto caepyioune nNpocTbie NpeJoKeHHs
(TeopeMbl O JIEJMMOCTH):

1. Ectu a penurcst va b,
ab jgenurca HA ¢, TO U a4
Jlen|TCs Ha C.

2. Ecnu a w b penstcs
Ha ¢, TO U HX CyMMa WJIH
pasHocth @ 4+ b pasmenurcs
Ha ¢ 1,

3. Ecau a genurcsa Ha ¢,
TO U ab penurcs HA C.

—————

1. Ecnu f(x) nenurcsa
g(x), a g(x) nemmurcs
h{x), 10 u f(x) nenurcs
h(x).

2. Ecau f(x) u g(x) ne-
astess Ba h(x), T0 H MX
CyMMa WJIH PasHOCTh f(x)+4-
+ g(x) pasgennrcs Ha h(x).

3. Ecan f(x) nenurcst Ha
h(x), 10 u f(x) g(x) genur-
cs Ha h(x).

Ha
Ha
Ha

! Ecau xe a fesuTcd Ha ¢, a b He JNeJMTCS Ha ¢, TO M CyMMa
a-+b He pasfleanrcs Ha € (TO € OTHOCHTCA H K (YHKUUAM),
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11. HauGoJabluuit o0LiKi JeauTess

Yucno ¢, SABASOLeeCH
OJIHOBPEMEHHO  JeJIHTeJIeM
IByX (uay Gosiee) NAHHBIX Y-
cel a H b, ectb uX obuiuii
jgenutenb. HauGonbwmii us
STHX JleluTeNiell, KOTOPHIH
JenvuTcsl Ha BCe OCTajIbHbIE
ofImye JleJTUTENIH YHCEN @ U
b, ectb MX Hauboasunii 06-
wudl deaumens. B cuMBosiax:

(@, b) = d.

Yyucaa, He HMelommue o6Imux
genutenell (KpoMe eUHHIL,
ABRJSAIOMEACS JeNHTeeM BCA-
KOro 4HCJa), HashBaoTCS
&3auMHo hpocmoumy, s Hux
HauOoJLIMM  OOIHM JeJu-
TEJIEM CIYKHT eNHHHLA:

(@ b = 1.
Ecmn d = (a, b), 10
a=d.a, b=d . b,
rge a, ¥ b; — B3aUMHO po-
CTHIE YHCJA.

Haxoxzenre HauGosblie-
ro oOmiero JAejuTessi NPOHU3-
BOJIUTCSI METOJOM TOCJEefO-
BaTeJIbHOrO JieJieHHsl € IIO-
Moo aszopudma Eexauda:

a Jelwutcs Ha b, 3ateM b
JEJIHTCA Ha mnepBH oOCTa-
TOK 7y, Janee NepBHId OCTa-
TOK r—Ha BTOPOH OCTATOK
u 1. g Tak Kak ocratku

yObIBalOT, TO HEH30EKHO
npufi€M K OCTatKy rmyy =0.
a=bg +n
b =rigs+re

ry =rsqs +rg
rm-3 = rm—2qm—l+ Fm—1
meg = I'm—1Gm + I'm
I'm—i = I'm ~ Gmi1
10

Ecau Muorounenn f(x) u
g(x) pensitcas Ha h(x), ToO
h(x) ectr wux oOwwi Je-
autensb. Jenutenb Hau-
BHCIIEH cTenenu (ompefie-
JisieMHii C TOYHOCTBIO JI0 MO-
CTOSIHHOT'O MHOXHTEJf), KO-
TOPHIH JIGNUTCS Ha BCAKHI
Ipyroii oOwui  penuTend
dynruit f(x) u g(x), ectv
HX Haubosrewuil obuul Oesu-
mens. OGO3HaYaeM €ro TakK:
fx), g())= D(x).
HOTOWJIEHE, He HMelo-

ofimux  fgenutedeil
(kpoMe TOCTOSIHHOTO, Ha
KOTOpoe JenuTcsl BCAKHH
MHOTO4JIeH), Ha3HIBAIOTCSA
63QUMHO npocmuimiu. 3a UX
pauboablmi  oOwMi menu-
TeJlb MOXHO TIPHHAThL €jH-
HULY
(@), g) = 1.
Ecnu D(x) = (f(x)-g(x)), 10
f() = D(x) - f,(x)
g = D - gi(x),
NPHYEM MHOTOYJIEHHI fy(X) H
g:(x) B3aUMHO NPOCTHE.

Haxoxaenue HauboJIb-
LIero obuiero  menurens
MHOT'OYJICHOB TTPOH3BOJHTCS,
Kak ¥ JJs 4uces, C TO-
Moo aszopugpmna Eexauda:

f(x) pennres Ha g(x), g(x)
JIeIUTCA Ha MepBhHI  ocTa-
TOK ry(x), 3areM mnepBHI
OCTaTOK 7y (X) — Ha BTOPOH
oCTaTok 7y (x) u 7. n. Tak
KaK CTelleHH OCTATKOB yOHI-
BalOT, TO HEKOTOPHIH oOCTa-
TOK JOJDKEH CTaThb DPaBHLIM
HyJIO; NycTb r,4i(x) = 0.
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[Nocnepuuit, He paBHbIl
HYJI0, OCTaToK 7,, U ecTb
HaubonbLmi o6t penu-
tenb. JloKaxeM ato. B
TOM, YTO 7, €CcTb OOwuil fe-
JHuTeNb UHCeN @ H b, y6ex-
JlaeMcsl, pacCcMaTpHBasi Ha-
TNHCAHHLIE PaBeHCTBA CHH3Y:
U3 TIOCJIEJJHErO CJEfYeT, YTO
7 m—1 BENUTCS HA 7, U3 NPe]-
TocJiefiHero, — 4To Har,, Je-
JUTCH g M T. H., TOKa
He JOUREM o b u a. Uto6h
yOenuThesi, YTO 7, DEJIUTCH
Ha BCAKHEA OOWmil JenuTesnb
a ¥ b, NOCTynuM Tak.

V3 npennocnegdero pa-
BEHCTBA:

T'm = I'm—2— Fm—1* Qp» (*)
M3 NpPeJUIECTBYIOMUX  pa-
BEHCTB:

r'mey = Im—3— I'm—2 + Qm—1,
I'm—2 = Fin—4 — Fm—3 + Qm—2

I‘l =a"_bq].

IMoncrasasst  nocnenoBa-
TENbLHO 3HAUEHUNA 7y,
Im—gy ..., 1 B (¥), BHIpa3uMm
r, depe3 au b:

r,= aa -+ bp,

rle a u f— unenvie (HO He
00513aTe/IbHO  TOJIOKHTEN b-
HHE) uHcna., ITO PpaBeHCT-
BO H TNOKAashIB3eT, YTO 7,
JEeNUTCA Ha BCAKHE OOLHH
JeJUuTeNIb @ U b, T. e. 4YTO
rm=d. 210 MOXHO ¢op-
MyJHupOBaTh TaK: echu d
“eCTb Haubosbuwuil  oOwMH
JeJIUTeNlb HATYypPaJibHBIX YH-
cel @ U b, TO BCErja MOxK-

Torna

f(x) = g() - qi(x) + ri(x),)
g(x) = ri(x) - ga(x) + ra(x),
ri(x) = ry(x)- gy(x) + rg(x),

Fin—3(X) = Fin—9(X) gm—1(x) +
+ rm—(),
rm—g(X) = rm-l(x)qm(x) +
r m(x),
Tm—1(X) = rm(x) gmy1(%).
INocnepunit, He paBHHIH
TOXZECTBEHHO HyJIO, OCTa-
TOK rm(X) u ectb HanGoJb-

M oOwwmit JleNIUTEb.,
B ToM, 4tO r,,(X) ecTb Renu-
Tenb f(x) w  g(x), y6ex-

JaeMcs TaK ke, Kak u And
HeNIBIX YHCes, - paccMaTpu-
Basl PaBeHCTBAa CHU3Y BBEPX.

Jlanee U3 mpeanocienHero
PaBEHCTBA HAXOOHM 7p(X):

rm(x) = rm—?(x) -
- fm—l(-\')qm(x)- (*)

3areM, uAsi CHU3Y BBepX,
onpefieNisieM M3 OCTaJbHBIX
PaBeHCTB OCTATKU  Fm—j(X),
m—o(X) HT. A.:

r m—l(x) =T m-3(x) —_
— 7 m—Z(x) Qm—l(x).

4 m—?(x) =1r m—4(x)—
— I'm—3 «V) Gin—2 (x)r

R =1 —g ) - qu).

INoacrasass nocJyiego-
BaTeJIbHO HalJleHHble 3Ha-
YeHUA rm—i(X), Tm—o(X),...,
ry (x) B (*), Bupasum r,, (x)
uepes f (x) u g (x):
rm(®)=f(x)-¢ (x)+g(x)- §(x),

H



Ho mopoOparb JBa LEJBIX
yxena o v P Tak, 4ro:

a-a0a+b.p=d

B uactHocTH, ecii a u b

B33aMMHO MPOCTHE, TO MOX-
HO mnogobpate O H P Tax,
YTOCH!

a.0+b.p=1L

rme @) m ¢(x) — Heko-
TOpHe MHOrOYsjieHsl. D70 pa-
BEHCTBO H [MOKAa3biBaeT, YTO
rn(x) nenurca Ha BCAKHH
obumii Jeautenb QyHKIHA
f(x) ug(x), 1. e.,ut0
rm(x) = D(x).

ITonyyerHoe  cooTHOLUE-
HMe MOXHO BHIPasuTb TakK:

ecnu D (x) ecth naunGonb-
muit ofuuil AeJHTesb MHO-
rounenoB f(x) u g (x), TO
Beerjia MOXHO HaiTH  JBa
MHOroWweHa ¢ (x) u ¢ (x)
TAKHX, YTO
f() - () + g0) - ¥ =
=D (x).

B yactHocTH, ecnd GYHK-
wi f (x) u g (x) B3aUMHO
NpoCTHE, TO MOXHO TMOJO-
6patb @ (x) u ¥ (x) TaK,
uToOH

f(x) o(x) + g(x) $(x) = L.

1. s B3aHMHO NMPOCTHIX wHCEN (MHOrOYJEHOB) HMEIOT
MECTO cJaeayrouye TeopeMbl:

1. Ecmm npoussesenue
a-b penurcss Ha ¢, a a
B3aWMHO NPOCTO € ¢, TO b
JeJHTCs Ha C.

2. Ecim @ B3auMHO npo-
croe ¢ ¢ ¥ b B3aumHO npo-
CTOe C ¢, TO U HX TpOH3Be-
Jlenye a .- b B3auMHO mpo-
cTOE C C.

3. Ecnn o pemutess nHa
KaxJoe H3 JBYX B3aUMHO
MpoCTHiX uMced b u ¢, TO
OHO JIeNUTCSi H Ha MX IIpo-
usBeJeHue b . c.

12

1. Ecnm mnpousBeneHue
MHOTOUWJMeHOB  f(x) - g(x)
Jenutcst Ha A(x), a f(x) u
h(x) B3auMHO  IIpPOCTHIE,
10 g(x) pesurcss Ha  A(x).

2. Ecmu  f(x) B3ammHO
npocroe ¢ k(x) u g(x) B3a-
WMHO THpocToe ¢ A{x), TO
ux npouspenenve f(x) g(x)
B3aUMHO [pocToe ¢ A (x).

3. Ecmu | (x) penurcs
Ha KaXXAHW# U3 JBYX B3auM-
HO [MPOCTHIX  MHOrOYJIEHOB
g (¥x)u h (x), O OH Je
JMTCS ¥ Ha HX IpOu3BELe-
HYe g(x) - h(x).



JloKa3aTenbCTBO 3THX TpeJJoXKeHu# 6es Tpyga nposo-
JMTCA, €CJIH BOCMOJb30BAaThCSl COOTHOLIEHHAMH aa + bf = 1
1 1) @) + gv(x) = 1.

Uncno, KoTOpoe Jenutcst TOJABKO Ha 1 M Ha caMoro cebs,
HasbBaeTcsl npocmoim. IIpoCTOMY YMCAY B TEOPHH MHOIrOUJe-
HOB COOTBETCTBYeT IOHATHE HENPHBOXHMOrO, He pasjaraiw-
UIeroCst HA MHOMKHTeNM MHorousieHa. Ha nonsituu wenpueodu-
mocmu Mpl ocTaHoBuMcst Huke (§ 3, 1).

Ecnn p — npoctoe uucyio, TO BCSKOE YHCJIO HAM LEJAHTCS
Ha p WIH B3aHMHO TIPOCTOE C p.

Ecsin mpouseesienne a - b jenuTcss Ha TPOCTOE YHCJO p,
TO MO KparHedl Mepe OJlMH M3 COMHOXHTEJElH JenuTcsi Ha p.

Besikoe (HaTypaJibHOE) UMCsIO # MOXKET OHITh €IMHCTBEHHBIM
ofpa3oM passioKeHO Ha NPOU3BeleHHe HPOCTHIX 4Yuced. Eciu
PU 3TOM JIeNTHTe/Ib )y BCTPEYaeTCcs a, pas, AeIUTeNb pr—02 Pas
H T. J., TO pO3A0MEHUE 4uCAQ N HQ Rpocmble MHOMCUMeAU
umeem credyrouguil eud:

n=propl...pr.

B teopun uuces roof6iie, 1 B HaCTHOCTY B HallleM BONpPOCE,
BAXKHY'O POJIb UIPAET 4LCAO YUCeA B3AUMHO NPOCIbLX C 1L U He npe-
GolLUQIOWUX 1; 5Ta BeJIHYHHA HOCHT Ha3BaHHe YMCJOBOH ¢hyHk-
yuu Jiiaepa n obosHavaercsi cuMsoJioM @(n). Ecmu p—mnpocroe
qucno, TO, OueBHAHO, @(p) = p — 1. B ofuweM ke cayyae
BoipaXKeHHe 151 GYHKOMH @(n) Gojee CJIOMCHOE; OHO MOXKET
OLITh MOJIYICHO 3JIeMEHTADHBHIMH METOJAMH TEOPMHU YHCEN. Mul
BhIBefeM BepaxkeHne Jas @(n) Huxe (§ 2, 3), monmyTHO ¢ pac-
CMOTPEHHEM CBOHCTB JIBYUJIEHHHIX yDPaBHEHHI.

§ 2. ABYYJIEHHBIE YPABHEHHA

1. Pemenne ypaBreHnss x" — a = 0 cBoguTcs, KakK MH
BUJIEJIM Bbllle, K M3BJEUEHHIO KODHS A-Ii CTENeHH U3 YHCHa Q.
3anaya 5Ta Gbia pellleHa HaMK B NPEANIECTBYIOUEM Haparpade
§ 1, 2) ¢ nomMOWEBIO TPUrOHOMETPHUECKHX WJIH TOKA3aTellb-
HHIX OYHKOUH. 3TO TPAaHCUEHJEHTHOE peileHHe SABJAETCH,
OJIHAKO, HENOCTATOYHHM IJIsI HAIMX HanbHEHIIMX wHenei, 160
HaC UHTePeCyeT BO3MOMHOCTbL paspenieHHns ABYUY1eHHOro ypaB-
HEeHMS B KBaApAaTHLIX DPajiKastiax; TOJYYEHHOE Ke pelleHHe
OTBETa Ha 3TOT Bompoc He Aaér. ITostomy Mbi 3aiiMEMCS BHI-
SICHEHHEM BO3MOXKHOCTH pellleHHsi JABY4JIEHHOrO ypaBHEHHS
anre0panyecKMMH CPefiCTBAMH.
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Kax Mbtl BHZeqM Bhille, Bce n KOpHeit ypasHeHus x7 — g =
= (0 (a+#0) pasnuuHbl. B ToM, YTO 3TO ypaBHeHUe He HMeer
KPaTHBIX KOPHeH, MOXKHO Obwio OH yb6euThcs emé M Tak.
KaxHil KpaTHHI KOpPeHb (YHKIUH SIBJASIETCSH, KaK H3BeCT-
HO, KopHeM eé npoussojsod. [IpousBofnas xe f' (x)=nx"-1
HEe HMeeT JpYrux KopHei, Kpome x = 0, He fBJSIOLIErocs
KopHeM (pyHKuuM f(x) = x* — a.

INoxaxkeM, yTO peleHHe ypaBHeHHs X — @ = 0 MOXHO
CBECTH K HaXOX/EHHIO OJHOTO KaKOro-HuOyJb KOPHSI STOTO
yPaBHEHHUS H PelieHuIo ypaBHenus x” — 1 = 0.

Iycte @ — Kakoii-HuGyAp KopeHb ypaBHeHHs x"—a =0,
a &—Jwboi KopeHb ypaBHeHHs x"—1=0, T. e
KaKofl-HHOYL KOPeHb n-i CTeNeHM u3 eJuHulBL. Torja a - &
ABJISIETCSl TaKkxe KOpHeM ypaBHenus x" —a = 0. B camom
Jene:

(@ -eyt=qr .e" =q -1 =aq.

Ilycth o v P — gBa Kakux-HuGyJb KOPHS  yPaBHEHHS
xt —a=0.

Torza (—E-Y =F_a_

o/ a’ a
HO COOTHOIleHHe (—i—)" =1 yka3spiBaer, uTo -S—ec'rb KOpPeHb H3
€M HUIIBE:
=e f = qe

B
a
Ecan, caenoBarenbo, o €cTb KOPEHb JBYUJIEHHOTO ypae-
venust X" —a = 0, 710 Joboit APYroil ero KopeHb P Mbl mO-
JYUHM YMHOKEHHEM O Ha KOPEHb n-H CTENCHH W3 efUHMLEL
MBI MOJIY4MM, TakuM 00pa3oM, Bce KODHM  ypaBHEHHS
x" — a = 0 yMHOXeHHEeM OJHOTO €ro KOPHsl Ha Bce KOPHH n-il
CTENEHH K3 €JVHHMIH], T. €. HA BCE KOPHH YPaBHeHus x" — | =
= 0. Takum oOpasom, peuwierue ypasrerus x" — a = 0 cgo-
Oumcs K HaxodxcOcHuo 00K020 KaKo20-HubYOb KOPHA 3Moz0 ypas-
HeHusi u K peuleruro  ypastenus x" — 1 = 0'. Drum ypasue-
HHEM MH B JaJibHeiuieM u Gy/ieM 3aHMMAaThCS.
2. OCpatuMcsi Tenepb K PacCMOTPEHHIO CBONCTB KOpHe#
yPaBHeHHUs!

X" —1=0, (1

1 370 mpextoXKeHHe MOXKeT OHMTb LOKA3aHO emé Tak. [Jona-
raeM x==a-y W NOJACTaBJsieM B JaHHOE YpABHEHHE:

Y —a=0; ayt—a=0; ay" —1)=0; y"—1=0,
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HJIH, 9TO TO K€, CBOHCTB KOPHeH n-fi CTeneHH H3 eJUHHIH.
Jns HarasigHocTH 6yAeM WILTIOCTPUPOBATH NMOJYyYaeMHE COOT-
HOIUEHHs1, Npuberasi K reoMeTpHUYECKOMY HCTOJIKOBAHHIO KOp-
HeH n-# cTeneHu M3 eJMHUIL KaK BEPIUHH IPABUJILHOIO n-
YFOJIbHHKA, BIIHCAHHOrO B KPyr €IHHMYHOro pajuyca.

Kak Mo Bujenn Bhimie, ce n KopHeil ypashenus (1)eg,
&), €2,..., &, NOJy4awTCs f0 PopmyJe:

ox ik
&, = cosg%-—{— isin g n k=0,1,2,...,n—1. @
n

Orciona nerKo BUAETD, 4TO
npu JodoM &

g, =(€&1)". 3

Takum ofpasoM,  Bce

KODHH n-§ CTEeNeHd U3 eJy-

HHOBI MOTYT OBITb TOJY-

YeHH KaK TMochelosaresib-

Hbl€ CTEIeHH fiepsoeo Kop-
2ri

n
H €& =e (KOpeHb £, =
=1, ofwuii ana  BCeX
ypaBHeHHH x"—1= 0,

npejcrapaser TPYBHAJb- Qe «
HOe peineHue):
&, 812, g%,..., g" =1, Yepr 3.

NPHYEM, 3aMeTHM, B 3TOM
c/lyuae COXPaHsIeTCs PacloJioKeHHe KOpHell B MOpPsAKE BO3-
pacragus MX aprymeHTOB; 3TO pacnoJioxenue OyleM HasLBaTh

HaTypasbHHM.
2ni

B reometpiueckoM HCTONKOBaHHHM YMHOMXKEHME€Hae "  ecTb
2

nosopor ' Ha yron == .CoorHowenne (3) ZomyckaeT, TAKHM
n

06pasoM, CJEYIOUIYI0 COBEPLICHHO OUYEBHIHYIO TEOMETPHUE-
CKYI0 MHTEPIPETAlH0: BCE BEPIUMHBI NPABHJIBHOIO A-YIOJb-
HHKAa MOrYT ObITb MOJy4eHbl H3 MepBoH ero Bepiwwuu (4,)

. 2r
nyTéM InocJaenoBaTe/bHHIX IOBOPOTOB Ha yroa — (depr. 3;
n
n = 8).

1 YMHOKEHHE Ha KOMIUIEKCHO® YHCNO z== p(cos ¢ -+ ¢ sin ¢) == pe??
PABHOCHJIBHO, KaK M3BECTHO, PACTAMKEHHIO MOAYJS B f Pa3 H  [OBOPOTY
ua yroa 9.
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INokaxem cnenyomee ceoicTBO KopHeit ypasnenus (1).
Ecnu € u &' —KopHH n-if cTenenu U3 eAUHUUB, TO HX IPOHU3BE-

€
JeHde e - &', yacTHoe 7 » aTakxke jobas uenasi crenelh e

npencTaBAfIlOT coCOfl TOXKe KOPHM A-H CTeleHBH M3 eHHHIIH.
B camom gene, mo ycsiouio &* = 1 u &’ = |; torga:
(e.eg'yp=¢g .e"=1.1=1
e \n g 1
s’) Ten T |
(k)" = et = (en)k = 1% = |.

Takum ofpasom, npenJioxenue nokasaHo. ['eomeTpuueckn
OHO WJUIIOCTPHPYETCS TaK: MpH MOBOPOTE KaKoH-HHOYAL BEp-
WHHE NPaBHJLHOTO N-YTOJbHHKA (B MOJOXHUTENBHOM — MJIH
OTPMLATEILHOM  HampaBJeHWH) HA YroJ, COOTBETCTBYIOHIME
Jpyro#i (W1n TOH e caMoi) BEPIUMHE STOr0 A-yroJbHHKA, Mbl
NOJIYYHM ONSITh HEKOTOPYIO BEPIUMHY 3ITOTO K€ MHOrOYroJb-
HHKa.

Ilycte & — KakoH-HUOYZb KOPEHb A-H CTENEeHH U3 €IMHH-
uel. Ilo JokasaHHOMy, B GECKOHEYHOH NOCJE0BATEIbHOCTH
e, 2, €%,..., €t
KaXJHH WIeH sBJAsieTCs] KOPHeM 7-H CTeNeHM U3 €NHHHIIHL.
B 3ToHl noCNenOBAaTENLHOCTH COJAEPIKHUTCS, B YACTHOCTH, H
usieH, paBubill 1. Takum 6yner BO BCSIKOM ciiydae &”, HO Mo-
JET OKa3aThbCsl PABHHIM €[UHHMLE W KaKOU-HUOyAb U3 mNpejie-
cTByIOmKX ujeHoB. IlycTs  m — HauMeHblnuii noOKasaTess,

HPU KOTOPOM

g™ = 1.
Mbl cKaxkeM ToTjJja, uTO KOPEHb & MPUHAOAEHUm — NoKa3a-
mento m.

Tlokasamens m, K KOMopomy npuHalsexcum Kaxodi-Hubyoe
KopeHo N-i cieneru u3 eouruupl, doaser Ovimob Oesumenem
qucaa n.

Hoxaxem sto. Ilycte & — npHHajiiexamyil NokasaTeio
m KopeHb n-ii cTereHn M3 eIUHUIHL

Honycrum, uto n =mq +r (0 < r < m).

Torna en = gmad+r — (e’")ﬂg’ = g,

T. e. & = 1. U taK kak r < m, 70, eciy Gbl r GBIIO OTIHYHO
OT HyJsl, 5T0 NPOTHBOPEYMJO OBl TOMY YCJOBHIO, YTO € TPH-
HajJeXNT Tokasatemo m. Hrak, r = 0 u, ciegosatenbHo,
n=m -q, T. e m ecTb JIeJITeNb A.

Ecau xopeHb € ypasHeHusi x” — 1 = 0 npunagnexur
NOKA43aTeslio 7, T. €. fBJSETCs] KOPHEeM RAHHOrO ypaBHEHHS,
HO He Y/OBJIETBOPSET HHKAKOMY ypaBHeHHI0 x™ — [ =0,
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CTENeHW, MeHbLIei, YeM 1, TO TaKOH KOopeHb Ha3HBaeTcs nep-
6000pastolm KopHeM ypaBreHust x” — 1 = 0, wan, npocro,
nepBooSpasnbl KOpHEM n-H crereHH. TakuM KOpHeM HaBep-
HO SIBASIETCSI NEepPBLIH KOPEHb

2ri

g, =e¢en"

2rik
Tak Kak ef =1, Ho e =¢n £1 (mpu k& < n). Ho,
KpoMe &, CYLIECTBYIOT elé Apyrue nepBooOpasHble KOPHH.

BepummHy n-yrosibHuKa, COOTBETCTBYIOULY!O IiepBooOpas-
LIOMY KCPHIO, MBI Ha30B€M cobcmeenrol BepuviHoii. CobcTBEH-
Has BEPIUHHA FA-YrOJMBHHKA He NPUHALICKUT HHKaKoMy MHO-
FOYrOJIbHUKY C MEHBLIMM, YeM £, YUCJIOM BeEPIIHH. 1 aKoit
BEpIUMHOI  HaBepHO sBJsieTcsi mepBast  (MoCJ]e HaYaJlbHOM)
BepIINHA N-YroJbHHKA.

OcHOBHBIM CBOHCTBOM NepBOOOpa3HHX KopHell sBJAsieTcs
crefyronee:

€C/lH 1 eCTh KaKoH-JMGo nepBooGpa3Hbil KOPeHb ypaBHEHHS!
xt—1=0, T0 psii U3 n TOCJEJOBATEJbHEIX €ro cTeneneil

rort, Lt =] 4)

NpEACTABSIET BCE 1 KOpHEH n-it cTeneHu U3 equHHub! (B OTJINY-
HOM, BooGiiie FOBOPSI, OT HAaTyPaJIbHOTO PACIIOJIOKEHHUS] TIOPSILKE).
Mu Bujiesy, u4To 3TUM CBOKMCTBOM OOsagan nepebili KOPeHb

2w

e;=e ". TloxkaeM crnpaBel)IMBOCTb 3TOro JJisi  BCSIKOIO
niepooGpa3yoro KopHs. B caMoM nene, Kaxawlii uled HanucaH-
HOTO Pfifia ecTb KOPEHb JAHHOTO yPaBHEHMs, W BCe OHH MEXAY
coGoli pa3nuyBHL. [IeficTBUTENBHO, eC/H NPENoNOKUTb, YTO IPH
E>1rt= rl, 10 r*-I=1, a 1ak kKax k— [ < n, T0 7 He
6l OBl IepBOOGPa3HEIM KOPHEM, YTO NPOTHBOPEYHT YCJIOEMIO.

OrneuenHOe CBOHCTBO MepBOOCPA3HBIX KCPHEH MOKA3bi-
BA€T, 4TO 1Sl P2UIEHHSI JBYYJIEHHOro ypaBHeHast x — 1 =
= 0 A0cTaTOYHO HAHTH TOJNBLKO OAHH €ro IepBoOGPasHEIH
KOD2Hb; BCe OCTallbHBIE KCPHH OyAYT NOJIyYeHH H3 HaliileHHO-
FO  MNep3000pa3HOro KOPHs MyTEM IMOCJeNOBaTebLHOTO BO3-
BBHILIEHUS] €O B CTENEHb.

Ecnn kopedr He siBjsieTcst MepBoOGPa3HbIM JJist ypaBHE-
Hust x" — 1 =0, To OH NPUHAIEKUT K HEKOTOPOMY IOKa-
sateno  m (m — Z2MTedb 1) M, CAeoBaTeNbHO, OyIeT mep-
BOOCpA3HBIM AAs1 ypaBHeHUSt X — | = ( Hu3WeH CTeneHH.

Kak ysHate, sIBJsleTCsl JIM JAHHBIY KOpeHb MepBooGpas-
HHIM M ecsli HeT, TO K KaKoMy NOKa3aTeslo OH NPHHAAJIEKHT
(nepBooGpa3HLIM KOPHEM KakOH CTENEHH OH SBJSAETCH).
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Oteer naér clieflyiiuas teopema.

[lycts r — Kako#-mu6o neppooCpasHLii KOpPeHb YpaBHe-
Hus x" — 1 = Q; Torza, kaK Mbl Bujenu, psin (4) mpencras-
JIsieT BCe KOPHM 3TOro ypabHenHsi. TecpeMa yTBep:KJ2€T, YTO
kopenv % npunadnedicum k nokasamento —3— , 20e d — ecmo
Hauborvwuull obwud Oeaumens qucer k u n. JlokaxeM sTo.

Iycte r* npunapiexur nokasatemo m. ITO 3HAYHT,
4TO

(ym = rkm = 1,
npuuéM m LOMKHO OHTb HaWMEHBIUHM YHCJIOM, NPH KOTOPOM
STO COOTHOUIEHHE HMEEeT MecTo.

Tak kak r ectb nepsooOpa3Hblii KOPeHb A-# CTENEeHH, TO
u3 papeHcTBa r*™ = ] cnepyer, uto km jomxHo ObiTb Kpar-
HO

km = nq.

Ecau d ectv HauGosbwwuii o6wuii nenutens £ U N, T0
k=kdun=nd,

rae k; u n, B3auMHO npoctole. [loncraBnsis £ u n B Hanu-
CaHHOe COOTHOLIEHWE M COKpallasl Ha d, NoJyuuM:
k;m =n1q
Otcrona cnegyer, uTo kym JOMKHO AENRTLCH HA N, H Tak
KaK ky ¥ n, B3aUMHO NpOCTble, TO /M AOMKHO JEJHTLCS HA Ny
HauMenbluee BO3MOXHOE Il 3TOTO 3HAYEHHE /M eCTh m = n,,
INokaxem, uto (r*)™ neHCTBUTENLHO paBHO eguHHUIeE. B ca-

MOM JeJie:
(rk )"l = rkn, — pkidn, — pkin — (r’l )kn = 1.

M Tak Kak, mo AOKasaHHOMy, n; €CTb HauMeHbLIEE 3Haye-
HHe ANA m, TO r® NpuUHALIEXKUT NOKA3aTeIo Ay, HO

Takum o6pasoM, Teopema HOKa3aHa.

OrTciona BHITEKAeT TAKoe CJAEACTBHE.

Jas moeo wmobbt r*¥ 6110 nepeooOPAsHbIM KOPHEM h-tl cme=
nenu, HeobxoOumo « Oocmamouro, 4mobv kB Obtio  63aumHO
apoctrioim € n.

Heiictsutensuo, ecan (B, n) =1, 10 d = 1 u r* npunag-
JIKHT TOKA3aTeNio 1, T. €. SIBJISETCS NepBOOGPA3HEIM KOp=~

ueM. Econ xe (B, n) =d+1, To %<n H r% mpunapnexur
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rnokasarefo, MeHblueMy, YeM R, W NepBooSpa3HbIM KOpHeM
yKe He SIBJISIeTCs,

3aneuanue J[okasanHas TeopeMa W CJefCTBHE H3
He€ He 3aBHCSIT OT TOTO, KaKkoil Mepsoo6pasuLiii KOPEHb MpH-
HAT 3a OCHOBaHHE psifa (4); AaHHBIT KOpeHb MOXET npuHaje-
}aTb  TONBKO K OJHOMY KaKOMY-HHOYAL noKasartefo, He-
3aBHCHMO OT TOTO nepBOOOPA3HOrO KOPHS, MPH MOMOUIH KO-
Toporo oH BhlpaxeH. Ilokasats 310 Moxmo Tak. Ilycts p—
Kakoil-HuOyAb APYroii nmepBooGpasHbii KOpeHb HNAaHHOrO ypas-

HHf; Torpa .
p, P3..., p" L, ot

TaKxke TPEACTABMASIOT co00# BCe KOPHMH HALIEro ypaBHEHHS.
Kak Bnipasutcsi B 5T0M psiiy KOpeHb r%?
Tak kax r ectb mnepBooGpasHbIi KoOpeHb, r = S, Tfe s
B3auMHO npoctoe ¢ 1. Orciona
rt = (p9)* = p**.
Ilo nokasanHO# TeopeMe KopeHb @ Jo/KeH NPHHAMLe-
n o
}KaTe MoKasaTeNto 2" rae d, = (sk, n). Ho nHaubosbumii

ofiui JesuTeNb qucc'e.n sk unwvkunomMs H TOT Ke, Tak

Kak s B3aumHO npoctoe ¢ n. Ilostomy d, = d. Ilonyuaem,
cefoBaTesibHO, TOT e caMblii NoKasaTedb.

B uactHocTH, ecan 3a nepsoo6pa3r-§uﬁ KOpeHb TNpPHHSAT
e

o o n
«nepBblH» KOpEHb fl-H CTENEeHH & = ¢ U BCe KODHH

( 2rik

V3 n
gy = l, €1, By.e0y Epyene, Epy =18 = )
pacrnionox<ensl, cnefoBaTebHO, B HATypanabHOM IOPsifKe, TO
MOXKHO CKa3aTtb, 4TO k-t mo NopsSIAKY KoOpeHb &, NpHHaJe-

n
JKHUT K 1N0Kas3aTesio L rae d = (n, k); €, siBnsiercs NepBo-

o6pa3sHbIM B TOM ¢J/iyyae, €ClIM MHIeKC £ B3aMMHO NPOCTO# C n.

N3 ckasauvoro cjegyer, 4YTO nepBooGpasHBIX KOPHei
ypaBHeHus1 x"-— | = 0 CyllecTByeT CTOJbKO, CKOJIBKO €CTh
YHces B3aUMHO mpocTHX ¢ n (4 He npesocxopsuux n). U B
YACTHOCTH, €CJM H — MPOCTOe, TO [ePBOOOPAa3HbIX KOpHe#
6yner n— 1.

MNpumep. x2—1=20. M3 12 kopHeit storo ypaBHe-
HHUs s0 = ly 811 82i 83’ 84’ 85’ 861 871 88! 89) 810’ &11
nepsooOpasHbiMi OyAYT KOPHH, HHJEKCH KOTODHIX B33aHMHO

npocrtoie ¢ 12:
£, B &, &)
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Henutenu 12 cnepyrompme: 6, 4, 3, 2, 1.

Tokazatemo 6 6yayT npuHagnexatsh (T. e. OyAyT nepBo-
obpasuuiMu s ypaeueHnst x°® — 1 = 0) KOpHH C uHJekca-
MH, HMeoHMH ¢ 12 HawGonbliuii OOmME JeNuTeNns, OIfpefe-

© 12
JISIeMEI M3 COOTHOLIEeHHS i = 6, T. e. umelol¥My ¢ 12 nau-

OosiblIMA  OOIIMH  JesinTeNb
d = 2; TaKkoBHl KOPHH
€y €.

Haiee Tak ke ycranas-
JUBaeM, 4YTo NoKaszaTemo 4
OpHHAJJIEXAT KOPHH & M
gy, MOKa3arTeyo 3 — KOpHH
€4 M 8 M MNOKasateno 2 —
Kopenb &;. Kopeup g, = 1,
oOIHMH 1JisI BCeX YpaBHe-
Hu#t x*— 1 =0, MOXHO
CYHT2Tb NEePBOOCPasHHM AJIs
ypasnenns x—1 =0 g,
CNefoBaTeNIbHO,  NPHHajJIe-

Yepr. 4. _ XaleMm nokasatemo 1.

I'eoMeTpuyeckn Ppa3oOpaHHBI NPUMEP HHTEPHPETHpYeTcs
Tak. B DpaBUIbLHOM JIBEHaAUATHYrOJbHHKE (CM. yepTex 4)
BEeDLINHBI:

A, Ag A, Ay — coGCTBEHHBI AN ABEHANLATHYTONbHUKA,

A, — TPUHAANEKAT IECTHYTONBbHUKY;

A, — DpUHAjJeXaT 4eTHPEXYrodbLHUKY;

A, — NpUHALJEXKAT TPEYroJbHUKY;

A ¢—€eCTb TOYKa JieNIeHHs] OKPYXKHOCTY ToTioNiaM H

A, — HauanbHasi TOYKa BCEX PacCMaTPUBaeMBIX
MHOTOYTOJIEHUKOB.

3. Mu BHJENH, UTO YHCJIO epBOOGPa3HHX KOPHCH n-il cre-
fleHd PAaBHO YMCTY YuCeJ, MEHbIIHX A M B32EMHO NDOCTHX
¢ n. BenuyuHa 31a, KaK MH yKaswBaau Buiue (§ 1, 4), Hocut
HasBanue Quyrkyuu Jisepa K o603HAUAETCs CHMBOJOM ¢ (n).

Urak, uncsio neppoo6pa3HEIX KOPHEH ypaBHeHus X' — | =
= ( pasHo @(n). MsicTaBuM cefiuac cBoeil 3ajjaueél BbIBECTH
BHIPXKEHHE JyIsi 5T0fl UMCJI0BOH (YHKIHH.

3aMeTuM fpexje BCero CJefylolee: €CNH 7 M S—yucia
B3aHMHO NpOCTHie, TO ypaBHewuss X — 1 =0 u x*— ] =0
He UMeIoT ofIuX KopHe#, Kpome x = 1. B camom zene, nycth
o — OOIMA KOpeHb STHX YPaBHEHuH, TOrja

w=1uno =1

2»
3
4
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Tak xak (r, s) = 1, TO MOXHO mojoOpaTh TAKHE LeJHe

qucnap H G, ‘-ITO(’)bI
r p:—s .0‘:],

a TorAa a=oq"ets-s = () . () =I,
T. e. 0 HEOOXONUMO PABHO CAMHHIE.

Bosspamasch K QYRKIWH @ (1), MEl B IePBYIO OYepellb To-
gakeM cJcAyloee e€ CBOMCTBO: eclli 7' M S B32aUMHO NPOCTHIE,

o _
¢lr - ) =o0) - () ©)

Uro6s BHIBECTH 3TO COOTHOLIEHHE, PACCMOTPHM COOTBET-
CTByiOLIME JIBYWICHHEIE - yDABHEHHUS:

S —1=0,x—1=0,x5—1=0.

TMocnenHue ABa M3 HHX, KaK Mbl BHJeIH, HE HMEIOT OOIHUX
kopue#t (xpove x = 1). .

IMycTb o — NepBoOGpPasHbH KOPEHb yPaBHeHHS xr—1=
=0, a p — nepBooGpasHbiii KOpPeHb ypaBHeHUss x$— 1=
= (. IloxaxeM, YTO HX Npou3BeneHHe o - B sBjseTcs mep-
pooGpasnuiv  Ansi ypahenust x*— 1 = 0. Ilpexpe Bcero
y6exaaemcsl, uTo ¢ff €CTb KOpPeHb STOr0 ypaBHeHHS:

(alﬁ)rs = qrs . ﬁrs = (ar)s . (ﬁs)r = 1.
HyCTb Gﬁ NPUHAMJIEKHUT TIOKa3aTeIio 7.

@)™ = L.
am = B—m,

a” ecTb KopeHb ypaBHenust ¥ — 1 = 0, p—™ — KopeHb ypaB-
HeHust X — 1 = 0, ¥ TaK KaK STH YPAaBHEHUA He HMEOT 006-
LMX KOpHeH, KPOMe €IUHHLbL, TO

a” = f~m = |,

Tak kak o ecTb MNepBOOOPAa3HBI KOPCHb YypaBHEHHS
x—1=0, To u3 am =1 cjefyer, 4T0 M JO/KHO GHTH KpaT-
HO ¥, TOYHO T2K K€ M3 papencTsa f—™= 1 cienyer, 4ro m noJ-
XKHO JIJINTBCS H2 S, U TaK KaK 7 U S B3AHMHO MNpOCTHIE, TO
JIOJXXHO JNenuTbC HA UX npousBefenue r - S. I[losTomy Ha-
HMeHbllee 3HayeHue Ansi m cctb 7 - S. Kopenb off npunamne-
XKHT, TakuM oOpas3oM, NOKasaTeso rs, OH eCTb NepsBooGpas-
HHd KOpeHb ypaBuenusi xS — 1 = 0. Tak Kak ypaBHeHue
X' — 1 =0 umeeT @(r) nepsoobGpasHbIX KOPHEH, a ypaBHe-
HHe xS —1 = 0 @(s) nepBooGpasHHIX KOPHEH H BCe 3TH KOp-
HH MeXXAy co0oii pasiuyHE, TO OTCHOA2 CJefyeT, 4Io Bce

Orcroza

21



@ (r) - @(s) npousBenenn# Bupa off sBAAIOTCA NEpBOOGPA3HEIMYU
Kopusivu ypaBHenusi x"* — 1 = 0. IloxaxeM, 4TO IHKaKHX
Jp)ruXx nepeoc{pasHHX KCpHeil 3TO ypaBHEHHE He MMCET.

Ilyctb 7 — nepsooGpa3nblii KOpeHb ypaBHeHus xS —
— 1 =0. Tak kak (r, s) = 1, To MOKHO noao0paTh ABa Ta-
KUX IeJBIX YHCIa 0 H 0, YTO

r -p+s-.-0=1

(3amMeTHM NP 3TOM, YTOP M G, A TAKKE 7 H O JOMKHH GHTh TO-
e B3aHMHO MPOCTbIMH; B NPOTUBHOM CJlyyae €IMHHIA JODKHA
661512 OBl EJUTHCS- HA MX OOLIMH AeNHTeNb, YTO HEBO3MOMNCHO).
Torpa

1= Trp+sa = Trp . Tso

15 eCTb KOpeHb ypaBHeHusi X" — 1 = 0, TaK Kax (y¥) =
= 87 = (y¥)° = 1; nokaxem, 49t0 7°° ecTb NepBOOOpPa3-
HBl KOpeHb 3Toro ypaeHeuus. Ilyctb 1%  TUPHHALIEXUT

noxkasaTteJio m:
Ts:r)m — -‘s:m — ]

Taxk xax 7 NPUHAANEKUT MOKA3ATEJNIO 7S, TO SO JIOIKHO
6BITb KPaTtHO 7S, a, CJIeJOBATeIbHO, OM JOMKHO OblThb KpaT-
HO 7} @ TaK KaK O M 7 B3aMMHO NPOCThle, TO M JOTKHO ACAHTh-
cs1 Ha r. HaumMeHbIliee 3HaueHne JJIst /72 TIPHM 3TOM YCJIOBUHH M =
= r; TakuM o0pa3oM, 157 ecTL NepBooOpasHbiil Kopedb ypas-
Henusi x* — | = 0. CoBeplueHHO aHANOTHYHO NOKA3bIBACTCH,
YyTO0 /¢ €CTb mepBooOpasiblit KOpeHb ypaBhehust x§ — | = (.
Hrak, Beskuil nepBoo6pa3Hbil KOpeHb ypaBHEHHS xS — | =
= (0 ecTs mnpousbefcHHe MePBOOOPA3HLIX KOPHeH ypaBHEHHMH
xx—1=0ux—1=0.

Tak Kak, C OAHOH CTOPOHBHI, YHC/JIO NePBOOOPa3HBIX KOP-
Heit ypabHenusi x’S— 1 = 0 paBHO UHCJY UYMCEJ B3aHMHO
TIPOCTLIX C 7S ¥ He MPEBOCXOAALIMX S, T. €. PaBHO ¢(rS), H Tak
KaK, ¢ JApPYyrofl CTOpoHbl, Bce nepBoOOPasHbE KOPHH 3TOro
ypaBHeHHSi NpencTasATca B BHAe @(r) - (s) npoussenenuit
guga o- P (rme ¢ u P — neprooGpasHLie KOPHU \ PaBHEHHUE
w—1=0nx*—1=0), 70 oTCl0Aa U BHITEKAeT, 4TO

o(r - s) = o) - (9.

TeopeMa 3Ta MHAYKTHBHO pacmnpocTpaHsieTcss Ha Jo6oe
yucsio  coMHOokutesefl. Ilycts Teopema BepHa st n— 1 mo-
NapHO B3aUMHO NPOCTEIX COMHOMKHTeEJIEH:

(P(Q1 qg... q"—l) = (P(‘h) : ‘P(l]z) ""P(‘In—l)-
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JloKaxeM, 4TO B TAKOM C.Iyuae OHa MMEET MECTO H J/IS n
comnosuTeneil. Tax KaK ¢i- Ga... gn—i H g, B3AHMHO NpO-

THIE, TO
¢ 0(g1G2 -+ Gu—19n) = V(@12 .- Gu1) - P(4,),

OTKy,Il.a- anHHMaﬂ BO BIIHMAaHHE JIOI'IYU.LEHHE, I'lOlel-laeM:
0(g192---92) = @(q1) - 9(g2) ... 9(g,). )

TeopeMa JOKa3aHua. ..

Tlas p mpoctoro ¢(p) = p — 1. Haiinéy gynxuuio ditnepa
s TOTO CAydasi, KOFAA fi eCcTb CTENeHb MPACTOro HMCAa:
n=p*.

B psny yuces oT 1 o p*:

1, 2, 3,..., p°
ofilue JeNMTe C p* HMEIOT YHCJIa, KpaTHbe p:
P» 2p: 3p""s pa-—l o o

takux umucen umeercss p*~l. OcrasnbHble Ke YHCNMA B3AHMHO
npocthe ¢ p*. Ux Gyzner p* — p’—'. Takum o6pa3ox,
¢(p*) = p~~'(p — 1). @

A Tenepb HeTPYAHO MOJIY4liTh BHPaXceHHe A8 (QYHKUMH
@ (n) BoGwemM cnyuae. [Iycte n = p*, py*,..., Prt.

Tak KaK BCe COMHOXKHTEAH Py, Py*,..., P, % —uucha
MONapHO B3aHMHO MPOCTHIE, TO, MPUMeHsIS JIOKAa3aHHYIO BHIILe
TeopeMy, TOJyyaeM:

() = @(p1™ « po* . . Pk ) = QP1™) « @(p2) . . . QPgak) =
= pe (py — 1) - p# (py — 1) ... py7e = 1(p, — ).

Hrax, ¢pyukuus Ditnepa ¢(n), naiomas yucjao yuces, B3anM-
HO MPOCTHIX C 72 B He MPEBOCXOASLIUX A, HJIH YHUCJIO nepBoo6-
pa3HHX KopHell ypaBHenus x" — 1 = 0, BHpaxaerca cie-
AyoumM o6pasom:

@) = pyiprl L pSe = oy — D) (pe—1) . . (pp—1).  (®)

Hanpumep: 1) n=12=2%2.3; ¢(12)=2. 2—1)3—1)= 4

2) n=54=2. 3% ¢(54) =3%. 2—1) (3—1)=18.

3avernM emé crenywmee cpoiictso ¢yHkunu ¢(n). EciaH B3fATH.
BCE JeJHMTENH YHcaa n (BKJIIOYAs CaMo N U eJHIHLY):

1,d  dy, .., 8 n
H npunate ¢ (1) =1, 170 cymma

o) +e@)+e(d)+... + «de) +3()=n.
310 cnenyer us Toro, uTO
1) kaxnuii us n opuei ypasnenus x* —1=0 ssjfercA mepso-
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06pasHbiM A ofnoro (M TOJBKO ORHOTO) K3 ypaBleHnit xd —1=10
(rae d=1, dy, ds, . . .,dy, n);

2) uto wamabii kOpeHb ypaBHeHust X4 — 1 =0 ecTb Take KopeHs
yp:eyennst x' — 1 =0 wu gto

3) uncso nmeprooGpasublx Kopmefd vpasucnus x4 — | = 0 pasmo ¥(d).
Tax, ganpuMep, Aas f = 12 uMeer MeCTO CCOTHOUICHIe:

e +e@+e@B+e@+90)+9¢(12) =12

B YyeM Mol yOeiusuch HENOCPe[ACTBEHHO, pa3suBAs B PACCMOTPEHHOM

Bulile npumepe ypasHewus x'2 — 1 =0 12ero kopHell Ha rpynns 1o
HX «nep:ooOpasHuils MPHUHAJJIEKHOCTH.

§ 3. O PASPELUIMMOCTH YPABHEHU! B KBAJIPATHLIX
PAJUKAJIAX

1. IlocraBneHHass HaMM 3aja4a O BO3MOXKHOCTH NOCTPOE-
HHST LMPKYJCM W JHHEHKOH NPABHJILHLEIX MHOIOYTOJIbHHKOB
pasHOCHJIbLHA, Kak Mul Bugenu (§ 1, 3), Bompocy o paspeumn-
MOCTH JIBYWIEHHOrO YPaBHEHHSI B KBaZPATHEIX pajHKaJax.
OctaBasisi Ha BpeMs ABYWYIEHHLIe YPaBHEHUS B CTOPOHe, MEI
nocTaBuM Bonpoc B Gosiee ofledl {opame — 0 BO3MOMCHOCTH
pelelnsl B KBAAPATHLIX PafuKa/nax JioGoro ajareépanyeckoro
ypasuenus. Ilpu uccaenosanun sToro Bompoca (¥ Gosee 06-
IEr0 — O Pa3pelMMOCTH YPasHeHHSI B pajukanax Boofule,
He TOJbKO B KBaZPATHHIX) CYLIECTBEHHYIO POJb HIPAIOT MOHS-
THS1 YACJIOBOrO MNOJS H HENPHBOJIMMOTO MHOTOYJEHA.

ITorem B anrebpe Ha3LIBAETCS MHOXKECTBO UHCeJ!, obnafaio-
IIMX TeM CBOHCTBOM, YTO pe3yJibTaT PALUOHAJIbHOH onepaLuu
(32 MCKIOUeHMeM JieJIeHUsi Ha HyJb) HaJ YuciAaMH (djemeHTa-
MH) 3TOI'0 MHOXKECTBA e€CTb OHATh 3JeMEHT TOro Xe MHOXECTBA.
Takum o06pasoM, HeficTBHSI CJIOKEHHS, BBHIYMTAHHSI, YMHOMe-
HHsi M JeJleHHsl (32 HCKJIIOYeHMeM JleJleHHsl Ba HYJb) Haj
SNEMEHTAMU [0/, KaK TIoBOPSAT, He BHIBOAST 33 INpejesH
sToro noJasi. MHOXecTBO R BceX pauHOHANBHBEIX UMCET eCTb
noste. Tlonem Oyzer Takxke, HanpuMep, MHOMXECTBO BCeX UHCEJI
BuAa a1 b)Y/ 2, rae aub— panuonanbume umcna, TaK Kak
pesyJbTAT CIOKEHHS, BHUHTAHHS, YMHOKEHUS H JIEJ€HUS Haj
YHCIaMH 3TOTO BHJA €CTh YMCJIO TOrO e BUJA:

(a4 6V2) & (@ +-bVD = (@ + @)+ G+ b)VT;
(@+8V2) -+ &V2) = (aa + 26) + @0y + ad)V 2
a+bV2 _ (@4+6V%)(a,—6,VZ) _ aa — 20,

a+ bLVE— (‘11 +6V?2) (‘11 — b Vﬁ—)— af‘“‘ 21)? 4-
a,b —ab —
+ ——‘a2 — 2;21/ 2.
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Hyune cam 1o ceGe ofpasyer moJie. Besikoe uHOe uyucsioBoe
none P conepxut B cee nojse R Kak yactb, TaK Kak, cofep-
®a Kaxofi-uubyne aneMeHT o (+£0), olO JOJKHO COpEpIKaThH

n-i’-=l,l+l=2n’r.n.

Ecaun napsay c nonem P Mul paccMarpuBaeM HOBOe MoJie
P,, taxoe, yto Bce 3jeMeHTH P npunajyexar nomo P;, Ho
KOTOpOe, KpOME HMX, COUEPIKHT €lie M APYrHe 3JEMEHTH, TO
none P, maswiBaetcss pacumperuem tons P.

Ecnu X nonro P mpHcoefUHEH HOBHH 3/MeMEHT o, TO AJIs
TOro 4TtofLl IOBasi 06/1aCTh NpOjo/Kala OCTaBaThCsl MOJIEM,
HeOGXOAMO Hapsily € YMCJIOM ¢ NPHCOSAMHHUTL M BCE Te YHC-
Jla, KOTOpble TMOJy4YaloTcd B pe3yJbTaTe pPalHOHAJbHHIX Zef-
cTuil Hay dqemeitamd P u yucioM a. ITpu 3THX o6CTOSITEND-
CTBaX MLl CKaXKeM. YTO HOBoe foJie (paciuvperue) P; nosaydge-
HO TyTéM npuobujerus 3neMeHTa o K Tojo P, 4ro 3anu-

ChIBaeTCsT TaK: p,=P (9 )

Tak, nanpuMep, ecau X 0o R PaUKOHANBHBIX WHCEN
DPHOOIIMTL HMpPANMOHANBLOE YUCIO )/2, TO pacluMpeHHe
R [V 2] 6yner cocrosnth w3 Beex uwuced Buga a -+ b V2,
rie a n b — panuoBajbHLIE YuCaa.

[lpu wu3ayueHuH CBOKCTB ULEJHIX PAUHMOHAJbHHX (QYHKIME
(MHOrOuJIEHOB) CyIZEeCTBeHHOEe 3HaYeHHe HMeeT. BONpoC O ToH
uKCI0BOM 00MacTH, K KOTOpOH mpuHanjexat KosdduuueHTs!
Ianeuix ¢yeKumi. Ecan xosdduuyeHTs! MHOrO4JeHa MpHHAL-
Jexatr nojgo P, TO TroBopsT, YTO MHOIOYJeH NPUHAJJIEKHT
nomio P, nau fau Haj mo.aem P.

Herpynuo supeth, uto sauGonbumit obuwit gesutens D(x)
MHOrOWIeHoB f(x) 1 g(x), npunHagiexamux nomo P, cam Toxe
NPpHHAANEXKHUT nonio P, n6o xo3dhpuIMeHT: ero HaXofsTcsa my-
TEM pauxoHaNbHLIX feHcTBUi Ha) KosddunrenTamMu f(x) u g(x).

Brmue (§ 1, 4) Ml npocaenun aHaJoryio, CYIECTBYIOMYIO
MEXZY MHOTOYJEHaMH M LeJbIMH 4YMCIAMH, M TOTAA ¥XKe OTMe-
THJIH, YTO TIOUSATHIO NMPOCTOTO, HE Pa3faralolierocss Ha COMHO-
XKHUTENH TUCIa COOTBETCTBYET NOHATHE Henpugooumolt GyaKuum.

Ecmit nenast pawvonanbuas Qyskiuus f(x) Moxer O6biTh
npejcTap/ieRa B BHAe NPOU3BEACHHS JIBYX KaKHX-JMO0O MHOIO-
ueHoB g(x) u h(x):

fx) = g(x) - h(x),

M3 KOTOPHIX HH OFYH He CBOAKTCS K MOCTOSSHHOMY, TO MH I'OBO-
puM, w10 f(x) pasnaraercs Ha MIOXKMTENH, WM YTO OHA TPH-
BOZHMA; B NPOTHBHOM ciyuae QyHKIWS HA3BIBAETCA HENPHBO-
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numoit. Ho npu 3TOM NMOHSATHE NMPUBOAMMOCTH WAM  HENPHBO-
OUMOCTH He OyZeT UMeTh ONpENeNEHHOr0 COACPKAHHS, eCclH
He yxasaTb TOH uuC/I0BOH o6nacTd, K KOTOPOHl HOJKHEI TPH-
Hapiexatb Kosdduimentsr dyukuui g(x) u h(x). Tak, dysxk-
uis  f(x) = x* — 2 HempuBOAMMAZ BO MHOXXECTBE PaLHOHANb-
HEIX YHCeJ, HO pas3jaraercsy Ha MHOXHTENH [x2—2 =
=x —V2) (x+ V2)] Brone neficToHTENBHBIX uMCeA W
gaxe B one RIV21].

Ecnn nenass paunonanbhas Qyskuus f(x) moxer OriTb
pasyoxeHa Ha MHOXHTENH (He CBOASILMeCS K HMOCTOSIHHOMY),
ko3(HULHEHTH KOTOPBIX TNPHHALIEXKAT noio P, To QyHKuus
HasbBaeTcsl npusodusod & nose P; B TPOTHBHOM Ciydae —
Henpusodunoil 8 noae P.

Henpusonumeie (8 moze P) dymkuuu obaagawr psigom
saxxeaX cpofictB. Ilyers f(x) u @(x) — uennle pauuonanbhbie
GyHKIWMH (MHOrouJIeHH) B noje P.

1) Ecnu  f(x) — venpusopuMa, a @(x) — moGast ¢yHK-
uusi, T0 JU60 @(x) Aemutcs Ha f(x), smbo @(x) u f(x) B3ammHo
TpocThie.

1o caenyer U3 TOro, uTo f (x) ¥ @ (X) He MOr'yT MMeTh HaH-
Goapliero OOMIEro JIeMMTeN s, OTJIHYHOIO OT MOCTOSIHHOH WJIM
or f(x) (tax Kak f(x) HerpuBoiuMa).

2) Ecnu ypaprenue @(x) = 0 umeeT oOWiHii KOpeHb C He-
NpvBOIMMEIM ypaBHeHHeM f(x) = 0!, To Bce KOpHHM ypaBHe-
uusi  f(x) = 0 ynossietBopsioT ypaBHeHHIO @(x) = 0 u @(x)
gesutest Ha f(x).

B camom zene, obuit Kopenb GyHKIHE f(X) H @(x) sBaser-
csl KOPHEM HX HauOO/blIero OOWEero JeJuTeNs, KOTOpHIH
[I05TOMY HABEPHO OTSIMYEH OT TOCTOSIHHOH, @ IOTOMY (DyHK-
uuu  f(x) 1 @(x) He MOryT GbITb B3aUMHO NPOCTHIMH, H, CJENO-
BaTeJIbHO, Mo 1) @(x) fenuTces Ha f(x); OTKyJa U CJeNyeT, YTo Bee
KOpHH ypaBHeHusi f(x)=0 yZOBJeTBOPSIOT ypaBHEHHIO P(x)=0.

INostoMy, ecnu KakoH-an€o KOpEHb G HENPUBOLHMOTrQ
ypasHenns f(x) = 0 He sBJIseTcst KODHeM ypaBHeHUA @{x)= 0,
10 QyHKUMK f(X) 1 Q(x) B3auMHO NpoCTHIE.

3) Henpusopumoe ypaBmenue f(x) = 0 He MOXKeT HMETh
o6lMX KopHell ¢ ypaBHEuueM @(x) = 0 Hu3wel cTenenu 2.

1 Peuyp HIST, KOHEHO, O KOpHe, He MpHHajQJexaumeM oo P,
160 nenpuBoLHMas B mosle P QyHKUHs He MOXKET HMEeTb B HeM KopHeH.

2 Orcilofa BbLITEKAeT, YTO HENPUBOIMMOE YpaBHEHHE He MOKer
HMETh KPATHHIX KODUeH, TaK KaK Kaiblil KpaTHHil KOpeHb ¢yHKe
umMu  f(x) fBaseTcs BMeCTe C TeM KOpHeM e& npousmofHod [’ (x)f
ypaenenue xe f’ (x) = 0 — wu3iwei ctenenH, yem f (x) =0.
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O10 BHITEKaeT u3 1), TaKk Kak B paccmatpuBaeMoM cydae @(x)
He MOMeT JeJqHTsCs Ha f(x).

4) Jlsa pasnuuHbIX HeNPHUBOAMMHIX YypaBHeHus f(x) =0
H @(x) = 0 He MOTYT MMeTb OOLIHX KOpHeH.

B camom pene, ecnu Oul f(x) u @(x) uvenn oOuiuii KOpeHb,
10 f(x) nomxHa Gowia On AennTbesd Ha @(x) [uau, HaoGoport,
@(x) Ha fix)], HO 3TO HEBO3MOXKHO, TaK Kak f(x) HempUBOAMMA.

2. Hac Oyaer uHTepecoBaTh BONPOC O PA3PELINMOCTH ajl-
re6paunyeckoro ypapuerusi f(x) = 0 B pagukaiax M, B 4yacT-
HOCTH, PajyKafax KBaipaTHeIX. PelTh ypaBHeHHe B paju-
KaJlaXx — 3TO 3HAYUT BbLIPA3HTb MMPH NOMOUIM 3J€MeHTapHBIX
anre6payueckux AeficTBUll (cnoxeHHd, BHIYUTAHUS, YMHOMKe-
HUSl, JleleHUs, BO3BEfeHHsl B CTeleHb M H3BJeUEHHS KOPHS)
KOpHM JAHHOTO ypaBHeHHS yepe3 ero Kos(pduuueHTH. OpHAKO
ITa 3ajaya JajJeKo He BCeTnd paspeiunMa (ypasHEHHS Bhille
4-i1 ctenenu B ofleM BUAe He pelualotced B pagukanax). Ilosto-
My NPH HCCIENOBAllMK aJredpanyeckoro peLIeHds ypaBHeHHH
Mbl CTAHOBHMCS Ha HECKOJBKO HHyl0, Gollee OOGILYIO TOUKY
3PeHHNsl: Mbl PACCMOINPUBAEM PEUICHLE YDAsHEHUS KAK pactuipe-
Hue nepeorauastozo noas P (K KotopoMy TpuHaAnexar Koad-
buLKieHTH JAHHOTO YPaBHEHAs]) NYymém NpuobLeruss K Hemy
HOBHIX 3JIeMEHTOB — KOpHell amoeo ypasHenus (W e ApPY-
TUX BEJIHYHH, Yepe3 KOTOpPHe KOPHH JIaHHOrO YPaBHEHUs! BHpa-
JKAIOTCA PALMOHANBHO).

C 370l TOuKM 3peumsi peiieHHe, HampuMep, KBaApPaTHOrO
ypaBHedust ¥ 4 px 4+ ¢ =0 ¢ paudoHaJbHEMH Ko3hULHU-
eHTaMM €CTb paCIIMpPeHHe MOJIS PalHOHAILHEIX YHcesl R myTeM

o 4
npuoGilenuss K R OAUOTO u3 KOPHeH Xy, = — g =+

2
+ V%-— g JaHHOTrO ypaBHeHHH, YTO PaBHOCHJILHO NOCTpOe-

Hulo nons R [V?—j——_:]]

YKazaHHas TOUKa 3DeHHS Ha pemeHHe aareGpaHyecKux
YPaBHEHH! MMeeT CJIeAyroiee NPenMyiecTB0. XOTs NMOCTPOUTD
HOBOe moJe (pacuiMpenye) B sIBHOM Bufle, NMOJOGHO TOMY Kak
3TO MBI TOJILKO YTO CcAeRaNd IJs KBafpaTHOTO YpaBHEHHS,
BooOule roBops, Heab3s (B Clyyae ypaBHeHuBl H-if M BBHICIIHX
creneHel), TeM He MeHee OKAa3bIBAETCS BOIMOXHBEIM YCTaHOBHTB
CBOKCTBA, KOTOpbIE HOMMKHO HMETb pacUulMPeHHe, H OTCIOAA
yXe cuenath Te MM MHble 33KJIOUEHHS O XapakTepe KopHeif

ypaBHeHus. K paccMorpennio pacumpennit nods MH cefiyac
U NEPEXOLHM.
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Mu GyzeM ucxonuTh u3 modss R panMOHANbHLIX YHCes
IMycts @ — KopeHb HenpuBoguMOro B R anre6panueckoro
ypaBHeHHSI n-H cTeneHu:

f)=ax*"+ax"—'+ .. +a_x+a,=0 )]
¢ paumoHaspHuMu Koshbuuuentamu: f (¢) = 0. Uncao (ase-
MEHT) G Ha3bIBAaCTCS B 3TOM CJyuae queeOpuutieckui Lon—
ecTb cmeneHs « OTHOCHTENbHO noast K. Henpuroaunmoe ypas-
HeHWe, KOTOPOMY YJOBJETBOPfeT JaHHbIH anre0panyecKuif
SJIEMEHT, OMNPENensieTCsl OJ|HO3HAYHO, TaK KakK HEe MOXKeT B
JJAHHOM TIOJIE CYIUECTBOBATb ABYX HENPHBOAHUMEIX B hEeM (PyHK-
Luil, uMelolMX OOUMHA KCDPeHb.

INoctpoum none R; — paciukpenke noas R nyTéM nproG-
eHHs1 K HeMy anire6panyecKoro 3JIieMeHTa Q.

’ Ry = Rlal 2)
2DneMeHT « Ha30BEM O00pa3syOuMm WM NPUMUMUGHLIM
aieMeHTOM Nonst R,. _

IMone R, uHapsay ¢ PaUMOHAJBLHBIME YHCIAMH COZCPMKHT
TaKXKe BCe Te YUC/AA, KOTOPble MOJIYYAIOTCH NyTEM HpUMEHe-
HHSl PALMOHAJBLHBEIX ONEpaiui K 3JIeMeHTaM nojst R ¥ udcay
a; TakuMm oGpasoM, 3JIeMeHTHl Nons R, npeicTasasitoT coGoh
BCEBO3MOXXHHE paldoHaNbHble (QYHKUMH (C PanHOHAJIBHBIMU
koa(puimentamu) ot a. Obwwmit BHA moboro s/1eMeHTa 7 nofas
R, crepyiomuii: )

G

T= Yy &)
rie @ (¥) 1 ¢ (x) — uesnie pauvoHaNbHHE QYUKUHU B IOJE
R (1. e. MHOrou/NeHH € PaLHOHAJILHBIMM KOPDULHEHTAMH),
Wrtak, Mbl BHienH, uTo JioCOH 3aeMeHT 7 anreGpaMyeckoro
pacuwmpenuss R, (pacimpeHue noJjst NpH nomouu azareGpau-
YeCKOro 3/IEMEHTa Mbl HA3LIBAEM aA2COpQUYeCKUM — paciuupe-
HYeM) eCTh DauHOHaNbHAsT (QYHKUMS €ro NMPUMHTHBHOTO 3ie-
MeHTa 7. Mel Jlokaxem ciefyouiee cBOHCTBO 3TOro paciuuipe-
Husl.

Ecnn  ofpasyiewmii aneMent o pacmmpenusi Rlo] — n-ii
crenedu (oTHocuTeNnbHO R), TO BCSKHI 3JM€MEHT 3TOrO MOJS
npeicraBnser coO0f yeAyro PanHOHAABHYIO QYHKUMIO OT O
(c paumoHaJbHBIME KO3(dHUHEHTaMH) M TNPUTOM He BHILE
(n— D-#i cmenenu.

! Yucno, He MABJSIIONIEECH KOPHEM NHMKaKoro aareGpanyecKoro
ypasnesuss snpa (1), HasmBsaercs mpancyendenmunim. TakoswvH,  Kak

JIOKa3HBaeTCs, ABAAIOTCS yucaa ¢ v w. Uneyo i ectn  aarcGpanueckoe,
TaK KaK CaAyMHT KCPHeM ypasienns x4 1=0.
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[Npexxje Bcero saMeTuM, yTO B paseHCTBe (3) 3HaMEHATENb
U(@) = 0. C npyroit cropohs, no ycioBuio f (¢) = 0. Tak
KaK KopeHb ¢ HenpupopdMofl (pyHKuuu f(x) He siBasieTcsl KOp-
HeM QYyHKIHH 9(X), TO 3TH GyuKudM B3aWMHO npocToie. A mo-
TOMy B noJde R MOXKHO HaiTH 1sa muorousena F(x) u W(x)

TAKUX, YTO
flx) - F(x) 4+ ¢(x) - ¥(x) = 1. “)
ITonarass B aTOM pameHcTBe x = @, MHANAEM, 4TO
$(@) - ¥ =1

Yuuoxas B (3) yucautens u 3HaMeHaTesnb Ha P(w),
IOy YHM:
(%) §(2)-¥(2)
1= ¢(0) = 4(1.()\1-(1) = (p(a) ¢ IPI(O‘) = g(ﬂ.) (5)
HMrak, nokasano, yto y — nejasi pauHoHanbHas GyHKUHS
or o (B mone R). Ecnu Oul cTenenb g(x) okasanach BHILE
(n— 1)-#, To, pens g(x) Ha f(x), Ml TOJy4HSH Obi:

gx) = f(x) - qx) + r(x) )
M, noJiaras 3ecb X = 0, HMeJu Ol
glo) = r(o),

rae creneds r(x) He Buuue (n — 1)-i.

Ipepnoxkenne, TakuM oO6pasoM, JIOKAa3aHO TNOJHOCTBHIO.
Besikuit anement nons Rla] moxer OuiTh, cricnoBaTesibHO,
NpeACTaBNeH B Bujle LeJOH palHOHaNbHOH (QYHKIMH
(n— 1)-ii creneHu oOpasyioLIEr0 3JIEMEHTA o

1= blan_l + bgan_z + ‘es + bn—la + bn ’ (7)
rae b, nmpunajgnexar nomo RY. DroMy ¢akTy, XapaKTepH-
3yloweMy CTpoeHHe paciuumpenusi R(a), Ml JafiuM HECKOJIBKO
HHYIO (OPMYJIHPOBKY.

Ecm  HeKoTOpoe MHOMXECTBO 3jieMeHTOB Z 06/1ajaeT TeM
CBOHCTBOM, YTO B HEM MOXHO YKa3aTb M AUHELHO-He30BUCUMbIX
(otHOCHTENIBHO MO P) saemeHTOB*:

ZI, 22, eeey Zm

! HerpynHo mnokasaTh, uTO TAKOE IMpeACTAaBJEHHEe HBJAETCS
€LHHCTBEHHL'M.

2 m 5MEMEHTOB 2;. 2y,...,2; Ha3LIBATCA AUHELHO-HE3Q8UCUMBIMU
(otnocutenbio P), ecnn (B P) Hesb3d nojoSpate m unced kj, H3 KOTO-
pHX He BCe PABHBI HYJIO H TaKHX, UTOSH BLINOJHSJOCH COOTHOLIEHHE

kyzy + kyzo +... + Ryz, = 0.

B nporuBHOM Cilyyae 3TH SJeMEHTH Ha3HBAIOTCHA JIHHeHHO-33aBHCH-
MBIMH,

29.



TaKHX, 9TO J060H 3neMeHT z u3 Z MoxeT OHTb NpeJCTaBlieH
B BHJe WX JIHHEHHOH ofHOpOZHOW (yHKUUH (C KO3HIIHEH-
Tamu u3 P):

2=z + 62y + ... + €20

TO TAKO€ MHOXKECTBO 3JIEMEHTOB Ha3HIBaeTCsA QUHCUHbIAM MHO20-
obpasuem nopsigxa m (oTHocuTenbHO P); uncaa z; o0pasyior
6asuc 3TOTO JIMHEHROro MHOrooGpasusl.

Bosspamasice K anreSpamyeckomy pacumpenuio Rlal,
™Mbl BUUM H3 (7), YTO BJIEMEHTHI

a™L, a2 .., a a®=1 8)

HrpaloT B HEM posib Gasuca: Kawjwlil snemeHT 7 moast Rla]
TPEACTABsIeT JMHEHHYI0O ONHOPOAHYIO OYHKLMIO (C paumo-
HanbHLIME Kos(xpunmentamu) ssementoB (8). Kpowme Toro,
saeMeHTH (8) — JIMHeHHO-He3aBUCHMBEL B R, TaK Kak B cliyyae
CYLLECTBOBAHMS MeXKAY KUMH JIHHEHHOH 32BHCHMOCTH

C" ' Co" 2+ .4+ C,_a+C, =0

o yroererBopsiio GH ypaBHewuto (n — 1)-ft cremenn, uero
6bITb HE MOXET, TaK KaK 0. eCTb KOPeHb HeNpHBOAMMOro B R
ypaBHEHHs! h-H CTENeHH.

Taxum obpasom, arzebpauteckoe pacuuperue R, = Rla]
noayvenroe nymém npuobuenus K& nomo R aneebpauteckoeo
snemerma n-ii cmeneru, npedcmasasem coboti (omnocumenvro R)
AMuHeliHOe MH02000pasue n-20 nopsoka'.

! He cseaver NyMaTh, YTO NMPUMHTHBHEIA 9/1€MEHT e, MPH TOMOUIH
KOTOPOro nocTpoeHo none R, = R [z], sBAseTcs B H M HCKMIOUMTE 1hHLIM
snenedToM. MOXHO MOKA3aTh, 9TO TAKYIO e POJb MOXKET HIpaTh Mmof.oft
SJIE€MEHT § M3 9TOr0 MNOJA, €CJAH TONLKO OH CTENEHW f OTHOCHTEJIBHO
noss R, T. €. €CJH OH YAOBJETBOPSieT HENMPUBOAMMOMY B R ypaBHEeHHIO

n-it crenenn (unauwe: ecam I, B, 8%,..., p" smnefivo-3aBucHMH, &

1,8,8% ..., B"~ ! nnueiino-neaasucumn 8 R). IocTpoennoe nyTem npioG-
weHusa snementa § none R [B] Oyzer coemapate ¢ R [ai. Iosicuum
3TO Ha mpHEMepe.

Tyers a=Vﬁ~ —— KOp€Hp HenpHBORHMOro B R ypaeHemust 3-fi cre-
nern x8—2=0. Ione R[}/2 ]| npeacrannser coboit muueiinoe muo-
roofpa3He 3-ro nopsaka, GasMCOM KOTOPOTO CJykar sJjeMeHTH I, 3;/2_,
(%/2)% u, caenosarenbto, eCTb COBOKYMIOCTb YHCEA BHAA:

p+eV 2 +rV4,
rae p, g M r-- pauyoranbuvie yucaa. Boabmem B nore R[V“f] 5JeMEeHT

B=1 +%/4—. CrencHb 371070 9JEMEHTA O.HOCHTE/ILHO R paBua 3, TaK
KaKk OH CJyHUT KOpHEeM HENpHBOAMMOTO B R ypauHedus (x — 1 P—4=0
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Mbl cKaxeM, UTO CTereHb [OCTPOEHHOIO HAaMH pacHuipe-
HHA R, OTHOcUTeNbHO R €CTb n, M 3alHIUEM 3TO TaK:

(R : R} =n. ©
IMpomece anreGpaudeckoro pacIIMPeHHs! NMOJf MOXHO Mpo-
nmomxars panee. PaccmarpusaeM B none R, = Rla| nenpu-

BOLMMYIO B HEM LeJYI0 palHOHANBHYIO (pyHKl.[PIEO g(x) cre-
neHd, nosioxkuM, m. Ilycts B ecTb KopeHb SToHl (yHKUHH!

g@) = 0.
Anement P mprobutaeM kK nosmo R;. CrpouM, clefoBaTesbHO,

HOBOE MOJIe Ry = Ri[p] = Rla, B1,

aNeMeHTH KoToporo OyAyT BCEBO3MOXKHHIE palHOHAJLHHE
¢ynxuuvor B (¢ Kosdpuumentamu u3 Ry). Ilo noxasanzomy
BhiLe, pacumpenrie R, = R, [P ] npexacraBnser coboii suneii-
Hoe MHoroobpasue m-ro TopsAxKa OTHOCHTENBHO R;; ero
6a3nCOM SIBAISIIOTCS /M YHCE:

pm-t, pm2 .., B, L
Crenenp pacmmpenuss R, oTHocHTeNbHO R, ectb, cliefoBa-
TeJIbHO, M: !
{Re: Ry} = m.

OcroBHas TeopeMa, KOTOPYIO MH XOTHM JIOKa3aTh, 3aKJIO-
yaercs B ToM, 4yTo moje R, = R,[B] = Rla, Bl sBnsercs
JUHEAHBIM MHOTOOGPa3sHeM TaKKe OTHOCHTEJbHO R M 4To mo-
PANOK €ro OTHOCHMTENIbBHO R paBeH NPOU3BEJCHHIO 1 -1,
HYXKHO JIOKa3aTb, CJIEOBATEJILHO, YTO

Re: Ry =m.n.

BosbMéM npoussosbhbiil smement 8 mons R, On Bupa-
3uTCs, MO JI0KA3aHHOMY B, B BUJE LeJOH PalHOHANBLHOMN
¢ynkuun (m — 1)-# crenenn or obpasyiowero ssementa p:

8 =dpm1 4 dofpm—2 + | 4+ dp—-p+4d, (10)
¢ kxospduuuentamy d,, npHHapseXamEME TOMO R

Mose R[1+ VT] OyHer npeacTasasTL cO5S0H COBOKYDHOCTD YHCEN
BHRA:
AU +V D L+ YV DP=pta+aVT+n+
TV eV I= (it k) 42V 2 @t 2 E =
=s+1/ 2 +uy'7q,
rae 8, ¢ U 4 — LanuoHabHLIe uncna. Takud oSpasom,
R+ VT]=Rl} 2).
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Tak kax Bce d; npunagiexar R;, To BCE OHH IIPEJICTaB-
JsUOT co6oki  nebie pauuonajbyeie GyHKUMH OT G (1 — 1)-i
CTENCIH (MM HUIKC):

;=@ Qo072 = - @ 0 Gy
(i=12,..,m), (11)
rie ece @, nNpuHajiIexar R.
INoncrasass 8 (10) Byvecto d; ux 3Havenust u3 {11), noay-
yaeMm:

6 = (allan_l + ale« =2 + ees + an—]yl a + a,n)ﬁm—“l i‘
+ (@1,0" 1 + a200"% + s @)t 4 L+
+ (@0t + 0,0 + L+ ay,,,) = o™t b
+ azla"_zﬁ’"_] —I" cee —I" anl[_’)’"‘l +
a

_il__ awan—l i':)}m—2 +

o (12)

W3 (12) mer BuuM, uto moCoii aaemeHt & nons R npea-
CTaBJsieT (OTHOCHTENBHO R) JAHHEAHYIO OALOPCAHYIO (YyHKLMIO
OT N -m 3]EMEHTOB:

an—l .F)m—l, 0.”_2 .ﬁm—-l, e ﬁm——l’ an—l . ﬂm—2’ e, 1’ (]3)

Ka¥ bl U3 KOTOPLIX €CThb, KaK HCTPVIHO BUJETh, JEMEHT R,.
OcTaétes1 TONLKO JI0Ka3arb, uto sqacMenthl (13) sauHeiliHo-Hesa-
BHCHMBL. JIOMYCTUM, YTO MEKEY HHMU CYLIECTBYCT JHHEHHas
38BHCHMOCTb:

Cnun—lﬁm—l _I_ Czlan—Qﬁm-—l _|_ . _|_ C’nlﬁm-—-l _|_.
-+ Clzan—lﬁm—2 + sz(l"‘?ﬁm‘z 4+ ...+ Cngigm—Q 4t
+ €0 4 Cy a2+ ...+ C,p =0, (19)

rne C,, npunajpnexut R.
Torpna, cofrpasi BCe UJeHH, COAEpKallHe OAUHAKOBYIO
cTeneHb P, M, BbiHOCS €€ 33 CKOOKH, MAieeM:

(Cnan—l _|_. Czlan—-Q _i_ . + Cnl) ﬁm——l _|_
4 (Cpar! + Cpur—2 + ... + an)f’m_2 + .o
+ (Clman_l + Cgm(ln_z + v + Cm(l) = 0. (15)

Ho Tak kak [ ecTb KOpeHb HCIPUBOAKMOTO B R, ypaBueuus:
m- CTCHERY, TO 3TOT 3JEMEHT [ie MOXCT yAOBJETHOPATH IH-
KaKoMy ypapHeHWIo umswci crenenu. Ilostomy BCe m Ko3d-
¢dunmenTos (15), npencrasasolme coboll uucaa k3 Ry, JOMKHLI
00paTHTLCA B HYJb:

Cyort + Cpar—2+4 ...+ Cp=0,(k= 1,2, ..., m).(16)
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A TaK Kak 3/1eMeNT @, €O cBoell CTOPOHH, €CTb KOPeHb He-
NpUBOAMMOTrO B R ypaBmcnusi n-if crenend, T0 OH HE MOXET
CAV)KUTL KOPHEM HHKakoro ypasHenusi (n — 1)-ii crenenn ¢
paumMoRaabHbiMy  Koaipunmentamu. [lostomy BO BCEX M
paenctsax (16) Bce xosbdumuchtit C;, ROMKHH ORITDL
PaBHBI HYJIO.

STuM jJ0Ka3aHa JuHelHan He3aBucHMOCTh B R m .n 3he-
seHToB (13), KoTOphie, TakuM o6Gpasom, ©6pa3yior Gasdc
MHorooGpasus R, oruocutenbso R. CnenobartenbHo, cTeneHb
paciuupenust R, otnocureabuo R ecth mn:

{Rz: R} = mn. ()

Teopema pokasana. IlyTém nosTOpHOTO NPHMeHEHHS pe-
3yJLTaTH €€ PacnpocTPaBAOTCS Ha JHo0oe Yuc/ia Nocaend-
BATCJbHBIX PaCIIHpPEHHI.

Ecnu, crnepoBatenvHo, Mel GepéM noje PanUOHANBbHHIX
uyhces R M K HeMmy MOCJ€A0BATeNIbHO nprobiiaem anreGpanye-
CKHe uYuCia @y, Oy, ..., O, WNpHuéM:

0; €CTh KOopelib HenpuBo#uMOi B R (yHKUME €TENIEHH ny,
0, — KopeHb HenmpuBoguMoli B R, = Rle, ] dynxumn cre-
HEeHU Mg,

e o & o ® e e e o e s o .

. . o L] L] . . . . L] L] -
a, — Kopeub HempueoguMoii B R,y = Rl ay ..., 05 ]
GyHKIMU CTeneHu n, , 70 NOJy4YeHoe anre0PauIecKoe pacui-
penue

Rn = Rlal1 s, ..., “];]
SIBJISICTCSI OTHOCHTENBLHO R JinHeinbIM MHOF006p33HeM My,..

n,-ro nopaaxka. Muumu cioavu, crenenb pacwmpenns R,
OTHOCUTENbHO R €CTh NPOU3BCUCHHE M47ly...70!"
{Ry: Ry = ny - ng...ny,. (18)
3. IlpuMeHNM RNONyYEHHHIC Pe3yabTaTHl K HCCIAEJOBAHHIO
BOMpOCa O Pa3peiuMMOCTH ypaBHeHHsl B pajuxanad. Tax Kax
BCAKHH pagMKan ")/ @ ecTL Kopenbh ABY'LIEHHOTO YPaBHEHHs
x™ — g = 0, TO peuMTb ypaBHEHUE B PAAUKANAX — 3TO 3HA-
YUT BHIPA3UThb PAIOHANbLUO €ro KOPHM Yepe3 KOPHH ABY-
UJIeHHEIX YPaBHEHUH.
IlycTs naro ypaBHenwe n-it cTeneHu ¢ PalMOHAJIBHBIMH
Koa(buyHenTamMun
fx) = 0. (19)

Ecnu ypasnenue (19) paspewraio z pagukanax, 10 370
3HAYUT, YTO pEIIeIINe €r0 CBOAMTCS K pECHWD  Lend
ABYUJIeHHBIX ypaBlenui:
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X“' — @ = O,
Xt — g, = 0, ‘
X —a, =0, (20)
X" —a, = (,
Tje @; — DAUMOHANLLOE YHCHO, ¢ — PAUFOHAILHAS (PYyHK-
uusi OT KOpHeH Nepeoro YpaBHEHHS|, «x -- PAUMOHAAbHAS
(PyHKUMST OT KOPHCH MCPROTO M BTOPOro YP4BHEHHH M T. 1.
Ecau o4, @, ..., a,—KopHy ypasucuuit (20), T0 HeKoTOpEIH
KopeHb X, JaHHoro ypasuenust (19) Gyjct, B ciyuae paspeuty-
MOCTH 3TOTO YpPaBHEHMSI B DPajuKagax, palHOHAJIBHOH B
R ¢yHKRuveil or xKopued ABYWICHHHIX YpaBHemii!
X = Flag, @, ..., o).
IoctpouM noJie, K KOTOPOMY npunajnexasiu Oul BCe hppa-
upoHadbHOCTH o, Jliusi 3toro Oynem pacmuparh noae R,
npuolliasi K HeMy ROC/IeAOoBaTeNbHO @y, Oy, ..., @, . [loay-

yHuM:
R, = Rlay, o ..., ol @1
Kakopa crenenb 3TOro pacnMpeHus? ¢, €CTh KOpeHb ypas-
HewHss x™ — @ == 0, HO 3TO YPaBHEHMC MOMKCT OKAa3aThCH

npuBoAnMuIM B nose R. Tlycrs K, (x) — Ta neupuscaumas B R
(YHKINS, KOPHEM KOTOPOH CJYMHT @4, H HYCTb CTENEHb €€
ky. Touno TaK e pByuneiinoe ypasuchre x" — a, = 0,
JNOCTaBJASIOWIEE KODEeHb (g, MOMET OKa3aThCsl ITPUBOLMMBIM
8 nose R, = Rlo, |, nycte Ky(x) Gymer nenpusogumas B R,

1 Tak, nanpiMcp, ecni ypasHenne paspellliMO B PaIuKkaJax B
KOpelib €ro X, BHPAXKAeTCsl CACAYIOWKM 06pazoM:

3 4
1/2-4- Vi3—oVa
6+V5—3V3

TO 5TOT KOPEHL fiB.ifercs pmusoua.quhﬂoﬁ dyuxine’ or KopHel caedy-
Iouleil ueny JByYAeLHHX ypaBueuuii:

x®—a, =0, rae a —3; a:=V3, L

B —a, =0, e uy=2-+a,;: a,= ' (-1'_-= i-/_Q__;_-"/?T;

¥—q, =0, rae a; = 4; a,,:"i’?.

Xt —aqg,—0, rae a4-=5-—3a.;u4::]4f’/5—31/§'.
Yepes Kopu® aq, s, @y, 0; ITHX \P3ERULH A, BBIPA3HICH Taw:

] =

a, - 2“;!

Y6 g



(yBKUMST CTeTeHH kg, KOpHEM KOTOPOH CNYXKHWT Qp, M T. A.,
fycTh, HaKouen, o, OyIeT KOpHEM HENpUBOAHMOM B nose
R,— ®yrxkuun K, (x) crenenn &,

Pan ¢ynkuuii
Ki(x), Ky(x),..., Kyx) (22)
obpasyet paspewarotyro yenouxy Gyukuuii ins ypasuenus (19).
CorJjlacHO JIOKa34HHOM BHILIE TEOpeMe, CTENeHb PacuIHpe-
st R, otnocutenbHo R paBna nponsBefieHHIo CTeneHel
byskui (22), 1. e

{Rh : R) = kl : k23 (LX) kh' (23)

Mu Gyzem mnpemnosnarath jganee, uyto ypasHeHue (19)
SIBJSIETCS] HenpueoOumsim B mone R.

ITyctb x; ecTh KOpeHb 9TOr0 ypaBHEHHsl; €J€JIOBATE/ILHQ,
f(x1) = 0. TlpuoGwas ero K momo R, Mb noayuuM anre6pa-
nueckoe pacumpenue Rlx; ), crenens koroporo ectb

{Rlx;1: R} = n. (24)

C npyro#i cToposl, KopeHb Xy = F(a4, as, ..., @) KaK
paupoHanbHasi QyHKUMA OT €, SABJASETCS 3JieMeHTOM 0N R,;
K 5TOMYy »Ke TMOJI0 NPUHARIEKHT H BCAKAs PalHOHANbIAsH
GYUKIHUS OT %4, T. €. NpHHAANENKAT Bee neMeHTH noasa R x, 1,
KOTOpOe, TaKuM 00pasoM, npeicTaBisier coboi yacTh MOJSAR 4;
caefioBatenbHo, R, ecTh pacumpenne nonst R x| Ilyets ¢
€CTb CTeMeHh 3TOrO pacumpeHHs:

{Ry: RIx 1} =g

Hrax, none R, MOXHO paccMaTpuBaTh KaK NOJYYEHHCE
M3 R myTéMm JHeyX MOCJICHAOBaTeNIbHHIX pacuupenuit or R 1o
Rlx;] — crenenn n m or Rlx; ] no R, — crenenn q. Tlo
JOKa3aHUOH BHIIE Teopeme CTeneHb paclmpenust R, OTHO-
CHTEILHO R eCTb NPOHU3BEAEHHE 3TUX CTeNeHeli:

Ry R ={R,: RIx,) - Rl 1: R,  (25)

! Mone Ry, aBafiomeecas ajreGpanyeckuM paciiuperneM noas R
H NpejCTaBAfIONEE JHHEHIIOE MHOIOOUpa3de HEKOTOPOro nOpsijKa s
OTHOCHTEJLHO R, SIBASeTCs TaKXKe JMHEMnLM MHorooGpasHeMm (HH3iero
NOPSIAKE) OTHOCHTEJBIIO BCSKOro noas R*, sakmonénHHoro mcexay Rg v R

Ry CTR* CR.
b cavowm 3eqe, Bce ajeMeHTH Rg BRPaKaKOTCs JRIEHNO yepe3 SJeMEHTH
Hexotoporo Gasuca g, ,0g,...,0¢ H Koathbpuuicrravn u3 R. Ho Tak Kak
Kax< bt koaduuneHT H3 R npHEAJERUT Takxke R*, To R npencrapiser
coboii nunefiHoe MHOrco6pazue ornocuTeNbno R¥. Uncno aMHERHO-He-
3aBHCHMHIX CPEAM 3;,%s,...,05 OTHOCHTENBHO MNCJsI R* H €CTh cTeNeHb
pacmmpenus R, oTHoCHTE.b1® R¥,
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HJ/H
ky - ky.k, =q - n (26)

TakuMm o6pasoM, creneHb HempuUBOXMMOH (yRKIHM f(X)
noJixKHa ObITh fie/uTeslcM NPOM3BCIEHMST CTeneHeH paspelIai-
mefl nenoyky (hyHKLHIL.

[Nycts temept Hempusogumoe ypasHenue f(x) = 0 paspe-
LMMo B Keadpamrbix pajukanax. Torpa paspewaiomas e-
I0MKa COCTOMT M3 (PYHKUMH BTOPOH CTereHn

by = ky= ... =k, = 2. @7)

H3 (26) Mpr BUAMM, YTO B 3TOM CJyyae YHCIO 1, ABJASSCDH
nénuTeNneM Yucna 2%, caMo JIOMKHO ObITb CTEMNEHBIO JBOHKH:

n=2m (28)
Htak, 815 moeo umober HenpusoOumoe 8 R ypaererue f(x) = 0
6uL10 paspewiumo 8 Keaopammeix paduxkanax, Heobxo0umo, umo-
661 cmeneto e2o0 Obua cmenetoto Gsoikul.
BriBeficHHOC HAMK YCJIOBYE Pa3pelIMMOCTH SIBJISIETCS HEO6-
XOAUMBIM, HO, BOOOLLIe TOBOpS, emé HEeJOCTATOYHBIM.

§ 4. NOJIMHOMbI AEJIEHHUS OKPY)XHOCTH.
HEOBXOJAUWMOE YCGJIOBHE PA3SPEMIMMOCTH
B KBAJPATHbLIX PAAUKAJIAX YPABHEHHA x"—1=0

1. YcraHoBneHHOe Bblule HeOOXOAMMOE YCJIOBHE pa3peruy-
MOCTH HEMPHUBGAHMOTO anreGpanyeckoro ypzBHEHHSI B KBaf-
paTHBIX pajuKanax NpPHMEHHTh HEMOCPEACTBEHHO K HHTEpecylo-
([eMy HaC CAy4alo ABYWJIEHHBIX YpaBHEHHE He MPCACTaBISETCH
BO3MOXKHBLIM, [OTOMY YTO JBYy4/eHHHe ypaBHenus x" — 1 = 0,
¥Mess KOopHeM X = |, Bcerha sIBJISIIOTCSl NPHUBOLHUMBIMVH.

Mur Bugenu Brie (§ 2, 2), 4To Ans pewieHHs] ABYUYJIEHHOTO
ypasHenus n-# creneny x" — 1 = (0 poctatoyHo HakliTH XOTS
Ohl OfMH U3 ero @(n) nepBooGpasHbIX KOPHE, BCC OCTAJbHLIE
KOPHH TNOJIyYaTesl NyTEM MOCJ]ELOBATENBHOTO BO3BLILEHHS B
CTETICHb STOTO KOPHS r:

r, 2 Lt ot =

BBuJy 5TOr0 BONMPOC O PeLIeHHH ABYWIEHHOIO ypaBHEHHS

MOXKHO CBECTH K pellleHHI0 Takoro ypaseeHusi @, (x) = 0

1 Otciofia, MENAy 1poudM, BHTEKaeT, YTO H2B2CTHbE 3anaud
06 ydsoenuu kyba w O mpucekyuly Yeaa NEBHTIONHEMBL C NMOMOUILYO
WHPKYNs M JMHefikY, TaK Kak CTenelh COUTBCTCTBYIOWMX YpasuenHi,
« KOTODBIM MpHBOAATCH 5TH 3ajaulm: x3—2=0 1 x¥*—3x—b=10
(nempuBoauMOCTs MX B R JjoKasbipaeTcsi 0e3  Tpyja). He  sBAasieTcs
CTBMEHLIO ABOHKH.
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(ye ne JBY4JIE€HHOTO), KOTOPCE CBOMMH KOPHSIMH HMeJO Okt
nepsooGpasible KOPHM A3HIONO JBYYACHHOIO YDaBHEHHS B
TO.IBKO 9TH KOPHM; TOrAa Jioboit Kopens ypasHenus P,(x) =0
Iapa; Obl PelIeHHe ABYYJEHHOrO ypaBHEHUS.

Takoe ypasHenne @ (x) =0, BBYAY CBA3H ABYWIEHHBIX
ypasueHHd C 3ajauell JeJelsi OKPYMKHOCTH, HAa3hIBaeTCH
ypasrenuem Oeacrun okpyrcHocmu. JIeByio 4acTh 3TOro ypas-
neHus OyleM HashlBaTh HOJHHOMOM JIeA€HHS] OKPYIKHOCTH
(wa n vacrei). Mrtax, nosunoMoM fenesusn OKPYMHOCTH HasH-
BaeTcst Takoyl MHorousen @, (), KOpHAMH KOTOPOFO €JyMaT
BCe 1IepBooGpasnLie KOPHU n-H CTeNeHH M3 eMHULM (H TOMb-
ko onu). OueBHJHO, CTENEHL TAKOFO NMOJHMHOMZ AOJIKHA OHTb
¢ {r). Mol nokaxeM, YTo ANA BCSIKOro- 3Hauenus n (RN8 BCA-
Koro ypasHenust X" — 1 = 0) Tako# MHOrOWJIER € palUHOHANb-
HbIMA (4 Jaxe LeJbIMH) Koa(duuMeHTaMH Beerna eyLiecT-
BYCT.

B cayuae, Korza creneHn ABYuJIEHHOTO ypaBHEHHS €CTh
NPOCTOE YHCJO p, TO BCE KOPHH TaKOTO yPaBHEHMs, KPOME
o == 1, nepsooOpasubie. [103TOMY nOAMHOM ZeneHHS OKpPYX-
HOCTH B 3TOM CjydYae MH MOJNYYHM MPOCTO fieieHnem x2 —
Ha X — I:

O ) =TTl prp L xd L ()

Paccmotpum Tenepb catyuaii, Korja cTeneHE ABYWIEHHOIG
YpaBrellns1 eCTb CTeNneHb NPOCTOFO uucaa: 17 = po,

Tak kak p*~! ectb penutens uxcna p?, TO BCAXM KOPEHb
ypasnenus x** ' — 1 = 0, ouesHaHo, 6yJieT ABIATHCA KOP-
nev ypapHerus x*“— 1= 0. C gpyroii cTOpOHM, MH INO-
KaXeM, YTO BCSIKHIl HEnepsooOpasHblii KOPCHL YpaBHEHHs
x**— 1 =0 pomxen ObITL KOPHEM ypaBHeHust ¥** ' — | =0,

Bce peaurenu p* cyth uucaa

L, p, p% ..., p~—L

Ecnu &— nenepsoo0pashuii Kopenn ypachenus x¥°°—1=0,
TO OH IPHHALIEKHT KaK K TOKasaTemo K OHHOMY H3
H2MHCAHHOrO BHILIE PsiAa uucen. I[lycTs € NPUHARIEKHUT
K nokazatemo p® (3 <Ca — 1) u, cnenosarennho, sBAsIETCS
KOpHCM (nepBooGpa3HuiM) ypaBhenns x*°— | = @ Ho Tak
KaK p° ecTh jeauTe]b HHCIa p*—! 10 & 6yner sBAATLCA

TaKKe KOPHEM YpaBHEHHs! ] = 0. Takum o6pasom,

KOPHAMY YypaBHEHus #1_1=9 CayXKaT Bee HEnepBo-

o6pasHrie KOPHH ypaBHeHust ¥P* — | = 0. [NosromMy noJinsomM
4*
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AEJIEHUS! OKPY)XHOCTH Ha p* vactedl MH HalngMm, pasjenus

2" — 1 mua x*' — 1. Bumousis 3To ie/lenue, NoJyuaem:
" — 1 1 oty
D (%)= WT:;M’ =1 . pp* N o—-2)
oL @

B ofuem cayuae, npy NPOM3BOJNILHOM 71, BhIpAXKEHHE JJIs
@, (x) Gyzer Gonee cnoxHbHM. VIMENHO MBI IOKaXeM, UTO €CilH
n=p* - g -rv.s..,

70 TOJHMHOM JieJIEHHSI OKPYXHOCTH HaHNETcA mno cjenyoulei
¢opmyne:
n

@ (x) = =1 ("p%'- 1) (”g?—' |)(X%'*1)-- P —1) ...

n n n n n
CP—D) (T — 1) (x7 — 1) ... (T — 1) (xPS—1)...

| § P

o [Tes—0 3)
B stomM BHIpAIKEHHH YUCJHTEH COCTOMT M3 TIPOK3BEICHUSA
IByuieHOB Bujga x4 — 1, pie d; NpuHMMaer 3HaueHHus, paB-

Hble 1 M BCGM HNEJHTENSIM YHCJA n, NOJYY2IOlUMCH OT jelle-
HHSA N HA 4EéMHoe YKCIIO NPOCTHIX YHCES], BXOASUIMX B COCTaB N.
3HameHaTesb Ke eCTb NPOH3BEJIeHHE BCEBO3MOXKHBIX JBY-
wieHoB x%2 — 1, rae dy NpHHUMAET 3HAYEHHS, TOJYYAOUIUECS
OT JIEJICHHSI 1 HA HeuémHoe YWCsIO €ro MPOCTHX genuresefil.
IMokaxeMm cnpasegmnpocts Gopmyau (3).

Tak kak kaxuplii gsywien x4 — 1 uan x92 — 1 umeer
CBOMMH KOPHSIMM KOPHM n-il CTEIEHM ‘M3 €LMHHIE (KaXKIblii

n

KOpeHb ypaBHeHHst xP47---  — |1 =0  sBisercs  Takxe
KopHeM ypaBHeHust x" — 1 = (), To M YuCAHTENH U 3HA2-
MenarteJb HZpo6Gu (3) mpeacraBnsioT coGoil MpoU3BENeHUs [BY-
WIEHOB BHJIa X — &, T€ & — Pa3NIMyHBe 3HAUYEHHS KODPHS
n-#t crenenu u3 epuuuupl. IlycTe & — Kakol-HHOGYAb M3 3THX
KopHel n-fi creneHd W NPUTOM HenepBooOpasuulit. OH sBJAsA-
ercsi Torja nepBooOpasHelM st ypasHeHust x4 — 1 = 0,
rae d ectb HekoToOpwil fleautens uucia n. Eciu d ecTs genu-
TeJIb 71, TO HEKOTOPhle M3 MPOCTHIX COMHOXKHTENeH uucia n
BXOJSIT B COCTaB d B CTENEHH MeHbluedl, YeM OHU BXOJAT B 7.
Ilycts Bce TakHe COMHOMHTENH CYTh:

P Pos -os Poye (4)
1 Tlpa n = p= ¢opmyna (3} uepexopur 8 (2).
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Cpemu nokasartelieii cTeneneil AByusieloB, BXOASHIMX B
cocTaB yHCauTeNsl Bipaxenus (3), Ha d pensiTes: BO-NEPBHX,

n
caMo n, 8aTeM MOKasaTelH BuJa o’ TR P Py uHChE
(14,4

. ) m{m —-1)
psina (4), Takux noxkasareneit 6yner C, = 2
n
d nensrcst nokasatenu BHAAa T ——; TA€ P, Pp. Py -
Ha d pen bl . A€ Py Py Py Py

yucna psapa (4), ostux mnokasatenel Ci, u T. A
Beero B uuciutene apo6u BopaxeHus (3) ABYYIEHOB €
NOKa3aTeNsiMH cTeneHy, gensiuumucs Ha d, Gyper:
o=14+CL+Ch+ ... ®)
Tax kak Ha x — & (rne & — nepBooGpasHbiil KopeHnb d-H
crentleHn) GYAYT JIEAWMTHCS TOJBLKO Takde AByuseHH x4 — 1,
B KOTOPBHIX NoKa3artenu d; nensatcst Ha d, M Tak Kak HU ONMH
M3 5THX HBYWJEHOB KPAaTHBIX KODHEH HMETb HE MOXKET, TO
OTCIOla MOXKHO 3aKJIIOYHTb, 4YTO X — €& BOHOET B COCTaB
YyucauTeNs BHpaxkeHus (3) poOBHO ¢ pas.
Paccyxpast nofoGHeIM iKe 06pa3oM, Mbl yGeaumcs, 470
B cocTaB 3HameHnaresst (3) TOT XKe MHOXHTEIb X — & BOWAET

B pas, roe

Aanee,

B=Cn+Ch+Chn+ ... (6)

Ho, xak wu3BectHo, B pasioxenud Ounoma HbloToHa
CvMMa OMHOMMANBHBIX KO3(POHIMEHTOB, CTOSIHX Ha YeT-
HBIX MECTax, paBHa CyMMme K03¢(h(uUIHEHTOB, CTOSIIMX HA He-
ubTHeX MecTax'. Ilostomy B = a.

Takum o6pasoMm, MHOXKHTEAb X — € BOAAET B COCTAB YHCJIH-
TeJIsl ¥ 3HAMEHaTelIsl BhlpaeHusi (3) olyMHaKOBoe YHCJO pas
H, CJIENOBATENbHO, COKpaTHTCs. To ke OyJeT C KaIHM He-
nepBooOpasHuiM KopHeM. B cocTaBe Bhipawenus (3) ocTaioTcs
TOJILKO JABYWJIEHH BHJAa X — &, B KOTOpPHX & — nepsooGpas-
HHe KOpHHM n-f cTenenu. Takux apywieHoB umeercs @(n);
OLIY H2XOZATCS TOJbKO B YMCJ/IMTENE B PasfiOMEeHHH AByuYJieHa
x* — 1, u Kaxplil U3 HUX BOHAET oguH pas. IlosTomy omnpe-
nensiemoe no ¢opmyae (3) Buipaxenue a1 D, (x) u ecTb

1 Tlonaras no Gopmyne
(x— ) = 5% — Cpx"=ly + Coxm—2y® — Cox™—3y>+ Cox™—4yt . ..
v == y = 1, nosydgaem
0=1-Clyc2—C +-Ct—Ch+ ...,
OTKY A2 4 '
14 C2+ Ch 4 ... =Chy+ Co+Co + e
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MHOTOUYJIeH CTeneHu ¢(rn), UMelouil CBOMMH KODHSIMA TiepBO-
o6pasHble KOpHH n-ff CTEleHH, T. €. 3TO H €CThb TOJIHHOM AeJie-
HHS! OKDYXKHOCTH.

MMpumepn: 1) Haiingém Dgy(x).
30 30 30

n=3=2 .3.5 dl. 301 - =, =
2.3 2.5 3.5
N N W
d2 ) ’ 3 ’ 5 D 2.3.5
@, (1) = = DHE—H (A== @ D)
0 (xB5— 1) (a0— D(S— D (x— 1) (o4 1) (34 1)
=Xl:“{#= Kt ===+ x- L
e x4
2) CoctaBum Tabmuny D,(x) or n =2 fo n = 12.
Dolx) = x + 1, Dy(x) = 20 4 47 + 1,
X)=x : 4+ x?—x+ 1,
o PR IR e SRR
Gx = X*— X y x + X X -+
D,(x) = x° + £ + x* 4+ x* + + 3+ x41,
Dg( ;l * 4++x 1+ b Qppx) = x* — x* + L.
s¥) = X )

INonunomul @y, @, O, ©,, D, naiigens no gopmyae (1),

D, Oy, ®, » no dopmyae (2) u
Dg, Oy, Py, » no obweii Gopuyne (3).

2: BecbMa Ba)HBIM CBOHCTBOM MMOJIMHOMOB L€J€HUST OKPYXK-
HOCTH SIBJASIETCSI UX Henpueooumocmd B 00JaCTH pauMoHalb-
HHX uKces (B nanbHelieM noj HempHBOAMMOCTBIO MBI OyneM
MOHUMAaTh HENPUBOAHMOCTL B R).

[Ipy poxasatenbcTBe HeNpuUBOAMMOCTH noauHOoMa D, (%)
HaM TIOHaoOATCS ClEeyIoIHe HUKE BCIOMOraTesbHbe npej-
JloxkeHusl, npuHanexaiue Fayccy.

ITyets f(x) — Muorousnen ¢ yeavmu xoahdHUMERTaMH U
nycts 8 — obwnit HauGoJbUINH JeJnuTeNs BceX KO3phHIMEeH-
TOB f(X).

Torpa:

f) = & - ),

rie kosbdulMenTHl MHOrouwsieHa @(x) yxe He HMMeloT ofLIere
JesquTeNisi; TakKoH MHOICYJEH Ha3o0BéM nepeoobpastbim. Jlo-
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Ka)KeM, YTO NPOM3BEJEHHE IBYX MepBOOGPa3HBHIX MHOTOUJ/IEHOB
eCTh TOXE TEepBOOOPasublii MHOroYJeH.
Tyctb
f(x) = aoxn + alan'l + e + Qu—1X + a,

glr) = byx™ + byt .+ bpix + b,
— Jpa NnCPBOOOPA3HLIX MHOroUJeHa H

F(x) = f(x) - glx) = cgxntm + gxn+m—t
+ Chrm—1X + Cuym

— ux Tnpoussenenve. Bo3bméM jiio6oe npoctoe YHCIO P.
[lycte @, — nepsuift u3 Ko3dduuKeHToB [f(X), KOTOpHEH He
JC.IATCA HA p, TaK YTO @y, G, ..., Ge— AEGNATCA HA p (BCE G
Ha p JAGNHTBCS HE MOTYT, Tak Kak f(x) — nepBooOpasHbd
MHorousieH). To4HO Tak »e nycTb b; — nepselit u3 Koxpduuu-
eHTOB g(x), He pensiumiics Ha p. Paccmorpum xosdepunmeHT
¢ nHAcKeoM R 4 [ ¢pyuxuun F(x):

H

Cleqgy = a/gb[ + 0k+]b1_1 + Q- obi—: + ...
+ ar by + apabio + ... . 7

B npaeoii uactu paseHcTsa (7) BCe cyiaraeMbie, Kpome mep-
BOTO, HeJSITCH Ha P, [I03TOMY C,+, HE MOXET JeJUTHCS Ha p.
CrnenoBareibio, p He MOXKET GuITo OCLIMM JendTesieM BCex
kosdpuurenToB PyHKUHM F(Xx), M Tak Kak p B3fITO NpOHU3-
BOJIHO, TO OTCHOfla caenyeT, uto F (x)— nepBooGpasHbiii MHO-
rOY/€eH.

Tenepr nokameMm CJEAYIOLLYIO TeOpeMy:

Ecau muoeouren ¢ yearvimu Kosppuyuenmam npusooum, mo
€20 MONCHO pA3AOKHCUMb HA NPOU3BEOEHUE MHO204/1€H08 € Uelbi-
MU KO3huiuenmamy.

IMycts
f(x) = @(x)- p(x), ®

re @(x) u ¢(x) UMEIOT palHOHAJILHEIE KOIGPHUHMEHTRL.

B MHorounene ¢(x) npusesém koapdunueHTH K obleMy
3HaMEHATeMO § M 3aTeM BbIHECEM 33 CKOOKy HauGosbluMi o6-
Ui jenutens d yucautesed Ko3(PHIUEHTOB; TO XK€ c/iejlaeM
H C MHoOroyleHoM ¢(x). Toraa

o) =75 - ®ulx),
8
$x) =7 - halx), ®
rie @i(x) ¥ $,(x) — nepBooOpa3Hble MHOrOUIEHBL.
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Tloacrasnsist 3Havennst @(x) ¥ $(x) B (8), nonyuaem:

d-d
) = 7 01(%) - (). (10):
d.d d.s p
.7 €CTb UeJoe HHCTO. [Mycts

TTokaxkeM, uTO — .

p '
(p u g—B3aumHo npocThe). Tak Kak MHoroq.neH; “ @) - ilx)

JIO/DKEH HMETb uejble KoapduuueHThl [u60 TaKOB MHOro-
uneH f(x)] ¥ TaK Kak p ¥ ¢ B3aUMHO TIpOCTHE, TO BCE
K03(pPUNHEHTH MHOrowIeHa ¢,(x)- $;(x) AO/DKHL HEJHTHCS Ha
g. Ho @y(x)- 41(x), KaKk npouspesierye neppooGpasHEIX MHOTO-
YJIeHOB, €CaMO JIONKHO GHTb NepBooOpasHHM; NosToMmy ¢ == 1.

Hrak, fx) = p-gy(x)- $a(x). (1

Takum obpasoMm, f(x) passoxeH Ha POM3BEAEHHE JBYX MHOTO-
YIeHOB C LEJHMH KOo3hduuueHTaMu —p@y(x) B Uy(x). Teope-
Ma JOKasaHa.

Ortciofia BBITEKa€ET, YTO JJisl TOrO YTOOH JI0KAa3aTh HENpUBO-
JIMMOCTb MHOTOWIEHA C LENbIMH KO3h(dHIHeHTaMH, BOCTaTOYHO
10Ka3aTh, YTO OH HE MOXKET GHTb NPEJCTaBJEH B BHJIE IPOHU3Be-
JEHHS1 MHOTOWIEHOB C yesvimu KohppuuueHTaMH.

Hanee 3ametum emg cyepyromee. ITycte MHOrousnes ¢ ue-
JHMH KoshduuueHTaMu f(x) umeeT Ko3(dHUKEHT NPy CTaplleM
yjieHe, PaBHbIA efHHHUILE (TaKOi MHOTOWIEH HA30BEM NPHBENEH-
HuM). Torma, ecau

f(x) = g(x) - h(x) (12)
€CTb PasNioxeHHe f(X) Ha MHOrOUJIEHbI C NEJBIMH Ko(pdUIueH-
TAMH, TO OYEBHAHO, 4TO cTapiue Kox(pduuuenTH OGyHKUmMi
g(x) u h(x) Toxe paBub epuuuue. Ho Bepro u ofpathoe fipez-
JIOKEHHe: ecad B pasyoxennd (12) npuBesEHHOTO MHOro-
uieHa f(X) ¢ NeJLIME KO3(MUIMEHTaMy HA MHOXMTENH g(X)
¥ h(x) ¢ panuoHalbHHEMH Ko3(pdHImeHTaMH CTapumil Koag-
¢uument dynkumu g(x) (a cneposaTesbro, H QpyHKumu h(x))
paBeH euHMue, To pa3snoxenue (12) ecTe pasioxenue H2
MHOXHTEJIH ¢ UEAHMH KoxpduuueHTaMH.

B camoMm gene, ecin OH OAMH K3 MHOXKMTENeH, HampuMep
g(x), uMen GObl JpoGHbe KO3(dUIMEHTH, TO, NMPUBOAA MX K
ofieMy HavMeHBLIIEMY 3HAMEHaTeNlo p, MH HMeJaH O

M —2 ... +8m
g(x)zxm_l_?],x l+azx: 2“" + — %gl(x)’ (]3)

rae gi(x) = pxm + Buxmt + . 4- Bp.» — mepBOOOPaA3HLIA
MHorowieH ( Bce f; He MOryT MMeTk OOWIero feJuTeNis ¢ p,
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TaK KakK p -— HauMelbili 3HaMeHaTesih) |OUHO TaK e MEl
MOCTYAMM € MHOroujenoM h(x), eciin OH uMeeT APOOHBIE KO3d-
duurenthl (ecan xe y h(x) koadpdunveHTR neibie, TO OH
caM 1nepBooOPa3HBIi, TaK KaK ero crapuiuil Kos(pduumeHT
papen ejuHHLE):

W) =g - (), (14)

rae hy(x) — nepBooGpa3HbIi MHOTOYMEH.
Tloncrabnss 3navenne g(x) u h(x) B (12), noayuaem:

) = 55 - &) - B0, (15)

Tak kak f(x) — Muorouser ¢ uesbiMu Kos(pHLHEHTAMH, TO
KO3(bHLMeHTH TPOU3BeNeHus g;(x)A;(x) ZomKHLI Bee JEJHTLCA
Ka pg; Ho gy(x) - hy(x) ecTb nepBoOGpa3Hbli MHOrOWJEH,
CHELOBaTeIbHO, pg =1 n p = g = 1.

ITuM JI0Ka3aHo, 9TO KO3(duuMeHTH g(x) u h(x) ueshe.

Orciona MOXHO crenaTs ewlé Takoll BuBoj, Onpeaensis
h(x) u3 paeenctsa (12)

fx)
hx) = 2o (16)

Mbl MOXEM cQOPMYJIHPOBaTh Cjiefyiouiee NPENJIOKEHHe: ecsH
UPHBEACHHBIA MHOrOWieH ¢ uesbiMM Kos(uuuentamu  f(x)
JeJUTCSl Ha Jpyrofi NpUBENSHHBIH MHOTOYJIEH, TO YacTHOE
€CTb NPUBEJZHHLIH MHOTOWIEH C yesvmiy KOPOUIHEHTAMH.
Orcrona, B 4aCTHOCTH, BHITEKAeT, YTO MOJIMHOM JeJI€HNsI Kpyra
D,(x), onpepensiemuiii no gopmyne (3) [§ 4, 11, nomken umeTn
LeJibie  KO3(PpULHEHTHI.

Ilepexoaym K [OKa3aTeIbCTBY HENPHBOILMMOCTH HOJH-
IIOMOB JieJIEHHSl OKpYXKHOCTH. Jlajum JOKasaTeJbCTBO JUIf
n=p*. B 3ToM cayyae, Kak Mul BHAEIH,

o~—~l¢p_ [ PP a—1]
(D(x)___xp r l)+xn (p”—l—...—l—x" +|.
HonyctuMm, yto P(x) pasnaraercsa Ha MPOU3BENEHHE MHOrO-
WIEHOB C LEJdbIMM KO3(DUIHEHTAMH:
D(x) = flx* - gx). (7)
Tak kak crapumii Kosdpduwent muorounena @(x) paeen
elIMHNIle, TO TAKOBHIMH K€ JOJDKHHI ObiThb cTapiiHe Kosddu-
upeHTy QVBKUKH f(x) B g{x).
Ionaras B paserctse (17) x = 1 n 3ameyas;, yro P(l) = p,

nogyvaem:
p =) - gll). (18)
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Tak kak p — npocroe, T0 omuH H3 comuoxutenell f{l)
uan g(1) pasen + 1, a gpyroit 4 p. He napywas obusocTs,

NOJIOKHKM, HTO
fh) =+ L (19)

IMycte r ectb TOT Kopehb ypasnenus ®(x) = 0, Koropu
aBaseTcsi KopHeM f(x), Tak uto f(r) = 0.

[iycte & — awboit kopeHb ypashenus P(x) =0, T. e.
A000% nepeooSpasHLl KOpeHb p* -H CTeNeHH H3 egHHUIIL;
TOrja psi

g &, .., & =1

o a
npefcTaBaser coboil Bce p* KopHeli ypashenus x° — 1 = 0.
W3 nux:
e, &%, e, .., &,
rae a, b,..., k He fensitcst Ha p (M, CJEJIOBATENILHO, B32HMHO
POCTHE € p* ), SBJSIOTCS NEPBOOCPASHHME KOPHSMH ypaBHe-

tus x*° — 1 = 0. Paccmotpum  npousBepenne
f(e) - Ke?) - [ (e%)...f(e"). (20)
HerpyzHo BuzeTh, 9TO BHPaKe€HHe STO PaBHO HYJIO, TaK
KaK CPELH YHCEN €, €%, ..., €%, NPeJCTABISIONHX BCE KOPHM
ypasuenusi P(x) = 0, nafinércs pasHoe r, a f(r) = 0.
Otciona cienyer, 4to GyHKLIHS
Fx) = f(x) - [(x9) - [(x?)...[(xP) @n
HMeeT CBOMM KOPHEM X = &, TAe & — J1060H KOpeHb ypaBHe-
mua @(x) = 0. Takum o6pasom, QyHKIMA F(x) uMeeT cBCHvH
KopHsiMu Bce Kopuu ¢ymkuuu P(x), a notomy F(x) menmtcs

D(x):
e ) Fix) = 0() - 9(x), @)

npuyém (yHKUHS Q(X) JOMKHA HMeTb yeavie KoPOUIHEHTE,
TaK Kak crapiuve kosdpunrents yHkumit F(x) 1 O(x) pasum
enuunue (4T0 ctapwmii kosbdrument F(x) pasen 1, 310 BuaHO
u3 ¢opmyaet (21), Tak kak crapumuii Kosbuumert f(x) pa-
BeH 1).

IMonaras B paseHctse (21) x = 1 u 3ameyasi, uMess B BHAY
(19), yto F(1) = f(1)f(1)...f(1) = £ 1, a ®(1) = p, nonyuaem,

qTO
+ 1=p - 9l). (23)

Ho npouseenenve nByx ueneix yucesn p u @(1) He moxer
paBusiTbcst + 1. DTo NpPOTHBOPEYHME H JIOKA3HBAET Herpa-
BHJIBHOCTb JIONIyLiIeHust 0 ToM, 4To P(x) pasnaraercss Ha npous-
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sefienve GyHKUME ¢ neabimu kosdpduumentamu. A orcroga
BhiTeKaeT HempupBoaumocts P(x).

BonpocoM O HENPHBOAMMOCTH MOJHIIOMOB JENEHHS! OKPYIKHOCTH
32HUMaJKHCE MHOTHEG MaTEMATHKM, HaUKHASl C CEPEAWHHl NpPOLIiOro CTO*
JNeTHS W BMJIOTH O HacTosulero BpeMeHH. IlpupeféHHoe Bhue JOKa*
saTesbCTBO (18 cayuass 7 == p* ), MCMOJB3yiOlee CBOHCTBA INEPBO-
ofpasubix Kopueit, npunamnexur Kpouwerepy. CymecrsyioT (ans
9TOrO K€ ¢Jyvasi) ¥ ApyrHe HOKas3aTelbCTBa, H3 KOTOPHX HanGojee
IPOCTO [OKAa3aTeNIbCTBO JH3eHINTEHA, MCNONB3YIOIee CBOMCTBA KOS(h-
¢uunenToB ypaBrenus @p= (x) = 0 u onupalomeecs Ha KpHTepHi
HENPHBOAMMOCTH DiiseHiuTelina.

JoxasaTenbcTBO HEMPpHBOAKMOCTH nmoiuboma @,(x) B obwem cay-
qae, mas jmoGoro n, Gouee cloxkuo. [Jis Hero npepsoxeHo GHJO He-
CKONBKO METOZOB. MH H3JI0KHMM OO H3 TIOCAEIHHX JIOKa3aTeNIbCTB
(ugesn kotoporo npunapexut WM. Illypy) mpumepHo B TOM BUAE, KaK
ono paérca H. I'. YeBorapérnm (cM. mMonorpadmio YeGorapésa «Teo-
pus Tanya», M., 1936, ra. I; Tam XKe nmpHBeZAeHa H JuTepatypa no
sToMy Bompocy?l).

Jns goxasaTesqbCTBa HaM MOHAZOGHTCH BCIOMOTaTebHOE MPEAJO-
JKeHWe, W3BeCTHOe NOJ HnasBauueM ¢Qopmyant lllenemana. BosbMéEM
MHOrowleH f(x) ¢ meammu KosdduuHeHTaMH:

fe) = g + aix"—1 + ... 4 @nx + g, (24
¥ BO3BELEM €ro B p-10 CTENEHb, Te p — INPOCTOE YHUCIO.

p-f cTenenb 3TOro MHOrOW/ICHa COilePXKHT, KPOME p-X cTereHell oT-
JEeJBHHX WJIEHOB, TOJLKO TaKue€ uWIeHH, KOS(i)(I)H].{HeHTH KOTO[JHX
zenstest Ha p. JIeHCTBHTENbHO, KO3((HUUHMEHTH BCEX UIEHOB, HE ABAAI0-
WHXCA p-MK CTenewsisMu, OyAyT BHpa:

kolkytky! . . .k,,;(k" +ht ..tk =) (25)

H Tak Kak Bce k; NpH ulleHaX, He SIBJSIOUMXCH P-MH CTENEHsMH,
MEHbINe, YeM TIPOCTOE YHCAO p, TO P COXPAHWTCS B BHpa)ieHHH (25)
d, cleoBaTelbfio, BCe YKasaBHLIe KOI(MMUHEHTH pa3fensiTci Ha p.

Coepvusisl BCe STH WIEHL BMECTE ¥ BHHOCA p 38 CKOOKH, TIONYUHM:
[P = aPx™ + al’x("=1V + ... + ap—yPx” + af + p . ${x), (26)
rze {(x} — HekoTopas (QYHKUHA ¢ UeNHMH KO3(hQUUUEHTaMH.

ameuaeM Jaice, yTo 0o teopeme Qepma® aP — q ACAMTICS Ha p
H, CIEAOBATENbHO:
a” =a+p . q,
a’P=a+tp.aq,

aﬁzafz:‘}‘p-qn., 27

! Tlocnennee no Bpemenu (1937 r.) KOKa3aTeNLCTBO NPUHANJIEKHT
Bau pmep Bappeny.

? 310 ectp ofofuleHHe Ha MHOrOWIEH OOLMNOR (GOPMYNH NS
CTeneHH OGuuoMa, rje KOo3(pHUHEHTH
E_ pp—D...p—8  p
p 1-2...k Rp—EK"

3 a” = a (mod p). D10 pokasubaeTcss namu HHke B § 5, 1.

C

3akas 2146 8
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Toncrasnss snauenus ao?, P ... u3 (27) B (26) ¥ BHOBL COEUHAS
BMECTe WJeHBl, CONepKaiuiue p, HMeeM

FOP = apP® 4+ ax?® 4+ a x4 a, + p - @),

roe @(x) — ¢yHKuus ¢ uenniME Koatphduunentamu. Ho nepenie n 4 1
ciaraeMblX B MPaBOH YacTH — 9TO Pe3yJbTaT MOACTAHOBKH B GyHKLUIO
f(x) Bmecto xxP. Tlo3TOMy OKOHYaTeJIbHO MONYyyaem:

FO)P = f(xP) + p - @(x). (28)

910 ¥ ectb ¢dopmyna lllesemana.

Hanee HaM npuHA&TCs BOCNONL30BATHCH HEKOTOPEIMM CBOHCTBAaMH
pe3y/ibTAHTOB H NHWCKPHMHHaHTOB. Eciyd 3afiaHbl 1Ba NpHBEASHHHX
MHoroufesa f(x) u g(x), uMeLne KOPHH a1, 62, ..., &z Hf1, B2, ..., By
COOTBETCTBEHHO, TO pPe3yAbmaxmom #X, KaK H3BeCTHO, GyayT BHIpaxe-
HHS:

R, &) = glon)g(@a) .. glon) = 11 g, nm

i1

R(g ) = [EFG) - fGm) = II FGo),

k=1

@9

MOrymue OTIHYaThCA TOJIBKO 3HaKaM#:

R@ D= (— D™"R(, o)

PaBeHCTBO HYJI0 Pe3yJbTaHTAa €CTh YCJIOBHE, HEOGXOAHMOE U JO-
CTaTOYHOE A1 TOTO, YTOGH MHOrOUJIEHH UMeNH o6uuf Kopenb. Peaysps
TauT ecTb CHMMETpHuecKas (QYHRKuusi OT KOpHed KaXAOro H3 MHOro-
4JIeHOB, 8 CHMMeTpuyecKas QYHKLUUA OT KOpHeH MHOTOuJeHa, COrJIacHQ
OCHOBHOH TEOpEeM& TeOpMH CHMMETPHYECKMX OYHKUHH, pauvoHalbHO
BHIpaxaercs yepes KospdHLHEHTH MHOTOY/IEHa; B CJyuae XKe ecliy 3Ta
cuMMeTpuveckass QYHKIUS HMeeT LEeJNOYHCIeHHBE KO3((HUHEHTH, To
€€ pallHOHAJIbHOe BHpaxeHue uepe3 KOI(OUIHEHTH MHOTOUJIEHOB HMeeT
Takxe Henble Koa¢buuuenTe. Ecin cBepX TOro okaxercsi, uTo W jaHe
HHH MHOrOWIeH uMeeT Le/me KO3pOHUHEeHTH, TO pe3yJdbTaHT SBJN-
eTcsl yenvim quctom. C 5TuM cllydaeM HaM H NPHAETCST MMEThb JAeNO.

Juckpurunagumos HaspBaercs (B3fATHH C OnNpeAeNéHHHM 3Ha-
KOM) pe3yJbTAHT MHOTOYJEeHa H €ro NPOH3BOLHOL:

DR=RG.') = + F(@)f @) f'a) = + I Fay. 30y
=1
COCTaBHM Bupame}me s mcxpumunama NPpOH3BeNEeHUs mayx
MHOI'O4JIEHOB:
+ D(-g) = RG-gf g+ [-¢) = Il 1F0ew + fwe )=

.\:—al . Bk

n m
=QLir eaged + fa) g @-TIirGaeta + e G

i=1 k=1
HO f(a) = 0 n g(3,) =-0.



[lo>TOMYy

n m
+0¢-9) = 111 ©igten - 1 r@oe 0=
i=1 k=1

=1 re)-Ile@o-II e T1 6o =
i=1 k=1 i=1 k=1
=4 D(f)-D(g)-R{}, &)-R(g, f)- @31)
Okonvatensuo umeem: D(f - g) = + D(f) - D(g) - R¥f. g).

Ata ¢dopmyna MoxeT OGHTb oGoblieHa Ha CJyyail NpPOU3BENeHHs
HECKONBLKAX MHOrowneHoB. Tak, Jjs npousBeleHHs TPEX MHOTOWIEHOB
f, g h BHBOAWTCS: .
D(f-g- W=+ D{f) - D(g) - D(h} - R*(, g) - R*(f, h) - R*g, h). (32

H3 storo mu cuenaem cilepywomee 3sakmiouenue. Ilycts HekoTo-
puiii MHOrouien F(x) ¢ uenbiMu KO3(xpHUHEHTAMM OEJIUTCSI Ha MPOH3-
peleHHe JBYX JPYrHX MHOrowieHoB f(x) u g(x), 1. e. F(x) =
= f(x) . g(x) .@(x); xo3dpuuHenTH Bcex GyHKUHM f, g U ¢ MK MOXKeM
CUUTATh LENHMH; B 5STOM CJlyyae AHCKPHMHHAHTH ¥ Pe3yJbTaHTH- B S~
10TCS LeNKMH unciiamu; ¢opmyna (32) nokasmiBaer, B 4YacTHOCTH, YTO
JAMCKDUMHMHAHT ¢QyHKuuu F(x) pasjenuTcss HaLeNo Ha peayldbTaHT
R({f, g) dyuruni f(x) u g(x). .

IlepexoanM K poKasatenbcTBy HenpuoguMocty P,(x). Ilycts
€ — Kakol-uubyab KOpeHr mnoiHHOMa D,(x), T. €. KaKoH-HHOYAb
nepBoobpasHulii KopeHb n-ii cTenewnm u3 emuHuud. Jonycrum, urto
nonnHoM P,(x) npusomum. Torpa oH pasjaraeTcs Ha NPOUSBEJleHHe
HENPHBOAHMHX COMHOMMUTeNEH, KO3(OHLUUEHTH KOTOPHX Mbl| HE Ha-
pymas ofwHoctd, 6yzem cuuTaTh ueabiMH uucaamu. Ilyets f(x) —
TOT HENPHBOOMMEIN COMHOXHTENb, KOTOPDHH HMEeT KOpHeM &, TakK
yto f(g) = 0. Bo3bMEM mpocToe YuCAO p, MeHbllee, 4eM n, H B3a-
HMHO mpoctoe ¢ n. Torna eP sapisieTcs TaKke nepBOOGPa3HEIM KOpPHEM
n-f CTeneHu W, CJeAOBAaTENBHO, KOpHeM moauHoMa O, (x). Mm mnoka-
HeM, 4To &R JOMKHO GuTh KOpHeM dyHKuMH f(x). Eciu 6u 370 Grilo He
TaK, T0 &P JONKHO GO Gbl GHTH KOpHEM KaKQro-HHGYmb ApYroro He-
NPHBOAHMOrO mOAMHOMA g(x), KO9b(QUIMEHTH KOTOPOTO MOXHO CHH-
TaTp nenelmMy. MuorowiseH F(x) = x? — 1, ©Mes C HenpuBOAUMBIMHK
byukuusmu f(x) u g(x) obmue KOpHM, AOMKEH ACIHTHCS Ha KaxAylo
U3 HHX, a TaK KaK OHH B3aHMHO MPOCTHE [0 CBOACTBY HENPHBOAHMHX
$yHKuui — noToMy uyTo KopeHb &P, GyiAyuyH KOpHeM g(x), He sIBIsA-
€TCsl, MO NpeNnoIOXKeHHIo, KopHeM f(x)], TO OH AOMKEH AeNUTLCS M HA
WX npousBefieHHe. A TOrZa, COrJIACHO BHIICCKA3aHHOMY, AHCKPHUMH-
Hant D(x® — 1) pofxen pasfienuTbcs Ha peayabpTaHT R(f, g). Haligém
cxayana D(x" — 1), B3sB KOpHH MHOrOwIeHa x* — 1 B Buze e, €2, ...,
en—l, gt = 1. )

D@x* — 1) = R(x" — 1, nx"—1) = 4 nen—1ped(n=1) ., .nen(n—1) =
nn+1) (n=1)

= + ne 2 = - n”, (33)
nn+1) (n—1)
TaK KakK & 2 = 4 1 kak (n — 1) -1 crenenn npoussese-
HHfl BCeX KOpHeH ypaBHenuss x*' — 1 = 0,
5!‘
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Beiuncaum teneps R(f, g):

R, &= o) . [y2)..-Flyx),

TA€ Y1, Y20+ Yy—KODHH NONHHOMA g(X); CPEAM HUX ROMKeH OHTbL pas-
uplfi 8. He Hapymwasi oOLIHOCTH, MOXEM CYKTaTh, 4TO Y = €F.

[lonaras B BuBegcHHO!H BHIue ¢opmyne [leneMmana (28) x = &
u 3aMeuas, uto f(e) == 0, moayuaem

[(e) = —p . ¢ (34)

Tak KaK g = &P ecTb Toxe nepBoobpasHblii KOpeHb, TO € MOXHO
BHPa3UTh KaK HEKOTOPYIO CTeNleHb yi:

e =y
[Moncraeass B (34), nonyuaem
fl) = pn), (35)

rae $(1n) — Hekotopas QyHKUMS C ueAbiMu Kosbduuuentamu. PyHk-
uus f(x) — pi(x), umeromas KopHeM yi, AOJMKHA KMETb CBOMMM KOp-
HSIMK W BCE OCTajbHbie KOPHU Y2, ..., Y HENPUBOANMONH QYHKUMH g(xg.
TMoatomy coornowenne (35) uMeer MecTo A BCeX KOPHeH y;:

Flgd) = ply) C=1, 2, ..., &), (36)
a noroMy

R g) = + P 4(5) « Hbo) o ¢ W) @37

[poussencuue {(yy) - L(Yo) -.. ¢(yg) ecTh cuMMeTpHuecKass QyHK-
IHA € UENOYHCIEHHHMH KO3(QduIUEHTaMH OT KOpHeH noJHHOMa g(x),
HMEIOUIEro Leible KO3(QQHUMEHTH, H NOTOMY JAOMXKHO OHTH UEILHIM
uicsioM. CooTtnomenue (37), TakuM o6pa3oM, MOKa3HBAET, YTO Pe3yib-
Tant R(f, g) neautcs na p*. C apyroil CTOPOHH, NHCKPHUMHHAHT D(x" —
—1) nonxen peantues Ha R(f, g). CnenosaTensHo, KaK nokasubaer (34),
A" JONKHO ReNMThCs Ha pk. Ho 3Toro GHThL He MOXeET, TaK Kak p
B3aHMHO NpoOCTOE C 7.

3To DpoTHBOpeyKHe M JDKA3HBAET, YyTO &P He MOXKET GLITb KOpHeM
HHKAKOro ApPYroro HOJIWHOMA g(x), a AOMKHO ObITE KOpHEM (yHKIHH

f(x), 1. e
f(eP) = 0. (38)
Tencpp HeTPYHHO nOKasarte, YTO JI06OM KopeHb mnoiuHoma P, (x)
sphasercss KopHeM f(x). B camoM gmene, Takoii KOpeHb BCErfila UMeeT BUJ
€, rae u B3auMHO mpoctoe ¢ n. IlycTs.
u=p .p .p" ...

Torpa eP.p’ = (eP)?’. U TaKk kak f(eP) = 0, a p’— mnpocroe uucino,
MeHbLIEE 7, H B3aHMHO NpPOCTOe C n, TO MO OKa3aHHOMY f[(eP)P’]=
= f(ePP’) = 0. TouHO TaK e NOKaxeM, YTo €PP'P” ecTb KOpPEHb,
TaK Kak ePP'P” = (ePP')P”, a p” — npocTOe 4HCIO, MeHbllee 7,
¥ B3aUMHO mpocToe ¢ 1 % T. . CliegoBaTeNbHO,

/(&%) = 0.
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Urak nokasaHo, 4To JoGoR Kopeusr mnomuuoMa ©P,(X) sABageTcs
KODHEM ero HempuBoguMOro comsoxuteas f(x). IlosTomy

Dp(x) == f(x).
STUM H JOKa3aHa HenpHBOAHMOCTB! @, (x).

3. Kak Mbl yxXe yKa3bBaJH, PelICHHE JABYYIEHHOTO ypaB-
HeHusl x" — 1 = (0 MOXHO CBECTH K PELIEHHIO COOTBETCTBYIO-
ero ypaBHeHUs JesieHusi oKpyxHoctu @,(x) = 0, KopHu
KOTOPOro SIBJISIIOTCSL NIEPBOOCPA3HBIME  KOPHSIMH  JIBYYJI€H-
HOro ypaBHeHHs. M ecqM ypaBHeHue JeJieHus! OKPYMKHOCTH
OKAQXKeTCsl PaspelluMbiM B KBaZPAaTHHIX pPajvKaniax, TO TO xKe
MOXHO OyJleT cKasaTh H O JBy4/IeHHOM ypasHeHun. HaoGopor,
ec/iu ypaBHEHUE JieJieHHs] OKPYKHOCTH B KBajIpaTHBIX pajiu-
KaJlax He pa3peniaercs, TO He penraercsl B KBajpaTHHX paju-
Kanax W JABYYJEHHOe ypaBHeHHe (TaK Kax ero neproobpas-
Hble KOPHH He OYAYyT BLIPaXXaTbCHl B KBAAPATHHIX PafHKanax).

Ho ypaBHeHHe JeseHHSI OKPYKHOCTH, KaK TOJbKO HYTO
6LLIO YCT2HOBJIEHO, HENPHUBOJAUMO. A HO3TOMY K HEMy MOXKHO
NPUMEHHTb YCTAHOBJeHHbH BHune (§ 3,3) KpuTepuit pasperu-
MOCTH. A HMMEHHO, MBI BUMZAEIH, 9TO JIsl TOrO, YTOGH! HENPUBO-
JuMoe ypaBHeHue OHLJIO PaspemiiMO B KBAJAPATHHIX pajuKa-
JiaXx, HeoGXOJHMO, YTOOH CTeleHb €ro 6blJia CTeNeHbIO BOHKH.
Ho crenenp ypasnenuss ®,(x) = 0 pasua @(r). Korga xe
@(n) GyneT cTeneHblo JBOHKH?

IlycTe n = 2% . p;* - po™ ... p,“k €CTb PasjoKeHHe N Ha
NPOCTHlE MHOXKHTENH, TaK 4TO pj, P2, ..., Pp — Pa3JHUHHE
HeuEéTHHE MPOCTHe YHCJA.

Torga, kak usBectHo (§ 2, 3):

Pln) =
= 2¢=1. pyu=lpy=—1_p = py—1) (p—1)...(p,—1). (39)
s Toro uro6n @(n) GHUIO CTENeHBIO ABOHKH, HeOGXOAUMO,

BO-TIEPBHIX, YTOOHE BCE MHOXHTENH p,%i—i  OBUIH  PaBHHI
€JMHHIE, T. €. YTOOH

(11“-——(12“—“-...=llk =l
¥ uTOObl, BO-BTOPBHIX, MHOMKHTEJNH p, — | GeuiH cTeneHsivMm

IBOHKH, T. €. 4TOOH Kaxjoe NPOCTOe YHCIO p, HMeNO BHX

1 A TaK xKak, KpoMe TOro, BC@ KOPHH YypaBHeHusl @, (x)=0
SIBJIAIOTCS. CTENCHAMH ONHOTO H3 HMX, TO YpPABHCHHE JI€JIEHHS OKPYXK-
HOCTH HopmanbHo B ob6mactd R. (Hopvwaabubly HasbisaeTcst HempH-
BOAHMMOE ypaBHeHHe, oGnazaomee TeM CBOKCTBOM, UTO BCe €r0 KOpHH
PalMOHaNbHO BRIPAXKAIOTCST Yepe3 OfMH U3 HHX.)
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2m 4- 1. TlpocTele 4YHCaa STOrO BHJA HA3BIBAIOTCH 2aycco-
€viMu TIPOCTHIMH YHCJIAMM WJIM TIPOCTHIMH uHciamu Pepmal.

TakoBo HEOGXOIMMOE YCJIOBHE Pa3peLIMOCTH B KBajpar-
HHX pajMKanax ypaBHEHUS JieNeHHS] OKPYXHOCTH, a CJIefo-
BaTeJIbHO, H JBYWJIEHHOTO YPaBHEHMS.

Urak, 025 moeo umobet Osyusrenoe ypasterue x"— 1 =0
6vti0  paspelumo 8 KeadpamHslx pacuxkaiax, Heobxo0umo,
4mobol 4UCAO N UMENO CAeOytouuli euo:

n=22 .p; - pPz..pp, (40)
rie- o — 1eJioe TNOJOMUTeNbHOEe YHCIO MJM Hylb, a p,—pas-
AuyHble TIDOCTHE uMcaa Bupa 2™ 4 1.

YcraHoBeHHOE HaMH HEOGXOAMMOE YCJIOBHE OKaskLIBaerTcs,
B 4éM MH yOenuMcsi B JajibHeiilleM, BMeCTe C T€M H JOCTAaToy-
HHIM.

W3 nokasanHOro, B YaCTHOCTH, CJIeAyeT, YTO, HampuMep,
ypaBHenust ¥’ — 1 = 0 u x* — 1 = 0 HepaspewnMH B KBaj-
PaTHBIX pajuKasiax, TaK Kak yucia 7 U 9 He yHOBJIETBOPSIOT
ycnosuio (39). Takum o6pasoM, oOkasbiBaeTcsl HEBO3MOXKHHIM
paspesuTe HMPKYJeM H JIMHeHKOH OKPYXKHOCTb Ha 7 M Ha 9
yacTelf, WM, YTO TO Ke, NOCTPOHTb TPABHJBHBIE CEMHYTOJIb-
HUK WIH JEBATHYTOJNBHUKZ.

§ 5. YCJIOBUE BO3MO)XHOCTH MOCTPOEHMS
NPABHJIbHOI'O MHOrOyYroJibHHKA LHHPKYJIEM
H JIMHENKOH

1. Bunte HaMd ObLIO YCTAHOBJIEHO HEOOXOZHMOE YCJIOBHE
Pa3pElIMMOCTH JIBYYJIEHHOTO YPaBHEHHSI B KBaJpaTHBIX pajii-
kajnax. MiMess B BHZLY ZIOKa3aTb ¥ 00CMamo4HOCMb 3TOrO YCJIO-
BHS, MBl TEpPBOHAYaJbHO TMOKaxeM BO3MOXHOCTb paspelne-
HHS B KB3J[paTHHX pajukajsax ypaBHeHuss xP — 1 =0,
rae p — npoctoe yuciao Bupa 2™ + 1. Meron, mpu momouu
KOTOPOro Mol TPOBEAEM pellleHHe B KBaJpaTHBIX pajuKaiax
yKa3aHHOTO JIBYWIEHHOTO ypaBHeHHsl, TpefyeT HeKOTOpHIX
JONOJHUTEJIbHBIX CBEIEHHH M3 TEOPMH YHCes, a HMEHHO —
3HAKOMCTBA CO CBOHCTBAMH TaK HA3HBAEMHIX «NEpBOOOpPAa3HEIX

1 06 stux uHcsax cM. Huxe, § 5, 3.

2 CnemyeT NOAYEPKHYTh, YTO HEBOSMONHOCHE MOCTPOEHHS OTHO-
CHTCSl K ynoTpeGJsieMbiM 31ech CPeACTBAM [IOCTPOEHHS — LHPKYMO H
sunetike. C noMoublo ApYrux CPeACTB Ta e 32Jauya MOXKET GbITb pe-
weHa. Hanpuvep, npaBuJbHLIl CEMHYTOJbHHK MOXET GHTb NOCTPOEH
C MOMOINbIO JIBYX MNpsAMHX yryios(cM. Adsep, TeopHs reoMeTpHYECKHX
nocTpoenufi, I VIFI). -
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KODHEH YHCJa p», HJIH HHaue — NePBOOGPA3HBIX KOpHeH
cpasteruss xP-1 —1 =0 (mod p).

Ecnn pa (uesbix) uncnia @ w b npu jesleHMH Ha HeJoe
MIOJIOXKUTEJIBHOE YMCJIO 1 JIal0T ONMHAKOBHE OCTATKH:

a=mp-+r
=mq+r,
TO TaKHe UHCJIA HA3BIBAIOTCS PABHOOCIOMOYHBIMIL WUITH CPOBHU-
MolMU TIO MOOYAX0 m, YTO 3aNHCHIBAETCS B TaKOM BHZe:

a = b(mod m). (1)

OueBugHo, 4To Jns TOro 4toOel @ GHWIO CPaBHUMO C b,
HEOOXOAUMO M JOCTATOYHO, YTOOH pasHocTb @ — b penu-
Jacb Ha m. ‘

Yucna, pawomwie npu HeJeHHH HA M OJJMH U TOT Xe OCTa-
TOK, HJIM, KaK FOBODST, bitiem, T. €. CPaBHUMbIE MEXJIY CO0Oi
(mod m), MEl OTHECEM K OIHOMY M TOMY JXe KJaccy. Tak Kak
PAa3JHYHHIX BBIYETOB- 1O MOAYJIO m Beero ectb m : 0, 1, 2, ...,
m— 1, To Bce YHCJIa PasoCbIOTCS Ha m KAQCCO8 CPABHeHUl,
KAl H3 KOTODHX XapaKTepusyeTcsi CBOHM BHIYETOM.
COBOKYNHOCTb M1 YKCeJ, U3 KOTOPHIX KarKJoe NMPHHAJJIEKUT
K PasHOMy KJiaccy, o6pasyeT TaK HasbIBAEMYIO NOAHYIO CUCMEMY
8b14e1mo8.

CpaBHeHHUs1 06/1aA3I0T MHOTHMH CBOHCTBAMU OGHKHOBEHHHX
paBeHcTB. CpaBHEHHSI MOMHO IOYWIEHHO CKJIaJHBaTh, BHIYH-
TaTh, YMHOXAaTb, BO3BOAHTb B NEJYIO MOJIOKHTENBHYIO Cle-
neHs. JIoKa3aTefIbCTBO STHX TNpPeMJIONKeHuil He NpeJCTaBJser
Tpyna. Ilycte

a = b(mod m),
¢ = d(mod m). ®)

Cnenosarensio, a — b=mp u ¢— d = mq. Orcioga Bhl-

BOAUM:
@=b+c—d=mp+q),
(aiC)—(bj: )= (p+q).

a4 c= b+ d(mod m).

IMyréM ymHOXeHHS nony4YaeMm

ac = bd + (dp + bg + mpg)m, wm
= bd(mod m).

310 CBONCTBO pacmpocTpaHseTcss Ha Jio0oe YHCJO CpaBHe-
HUH, W OTCIONa BHITEKAaeT BOSMOXKHOCTb BOSBBHILIEHHS] O6EHX
yacTeil CpaBHEHHs B CTeneHb. TaK KaK Kaxjoe YWCJIO CpaB-
HHMO C CaMUM COGOH, TO U3 ITOIO CJEAYET, YT0 K ofeuM 9acTaM
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CPaBHEHHSI MOXKHO NPUOaBUTH (UAH OTHATH) OfHO M TO ¥Ke
YHCJI0, YTO o0e HacTH CPAaBHEHHSI MOMHO YMHOXKHTb Ha OJHO
H TO Xe YHCIIO.

YUro e KacaeTcsl jieleHHsl, TO COOTBETCTBYIOLIAsl TeopeMa
opMyaupyerca Tak:

O6e wuactu cpaBleHusl, HMelolue OOWHKH JEJHTENH ¢,
83QUMHO NPOCIIOL C MOAyJeM, MOXKHO DPa3lefiTh Ha ¢.

[Nokaxem 210. Ilycts @ = b(mod m), a=q - a, b=
=g¢g . b W g H m B3auMHO mpocTeie. Toraa, mo YCJIOBHIO,
ga; = gb, (mod m); T. e. gla, — b,) nenuTcsi HA m, a Tak
KaK @ ¥ /M B3aUMHO IIPOCTEIE, TO @; — b; NOIKHO Pa3leNHThCs
Ha m, T. €.

0; = by(mod m).

Otciofia MOXKHO BBIBECTH CJELYIONIYI0 TEOPEMy O MNOUJieH-
HOM Jienenny cpasrenuii. Ecan o = b (mod m) u ¢ = d(mod m),
a Jeautcsl na ¢, a b pemurcest Ha d U ¢ (a caefOBaTeNIbHO, M
d) B3a¥MHO NpOCTOE C M, TO CPaBHEHUS] MOXKHO IIOYJIEHHO
pA3eauTh OJHO Ha Zpyroe.

Ilyerb a ==cq; u b = db,. YMHoXasi . cpaBHEHNE @y =
= db; (mod m) mounenHo Ha cpaBHenue d = ¢ (mod m),
nonyuaeM cda; = cdb; (mod m). Tak kak ¢ u d B3aumHO NpoC-
Thie C M, TO ¥ KX Tpouspefenue ¢ - d B3aHMHO NPOCTOE C .
Cokpawast nocjiefjHee cpaBHeHue Ha ¢ - d, noayuaeM q; =
= b, (mod m), 4T0 W TpeGoBaJOCH JOKA3aThb.

JlokaxeM Telephb crefiyromee npepnoxenne. Ilycts p —
npoctoe uucio. IlokaxeM, uto npu sobom a

a’ —a = 0 (mod p). )
JlokasaTeJbCTBO MNpoBeRéM MerosioM uHAyknuu. CpaBHe-
HYe, OYEBHJHO, BepHO Npu @ = l. JlonmycTuM, YTO OHO WMeeT
MeCTo TNPH @ = m:
mP—m =0 (mod p),
M IOKaxeM, 4YTO TOrjia OHO OyJeT CnpaBejyiiBO U MpH
a=m-+ 1.
B camoMm pene,

(m + 1)? — (m + l)=mﬂ—m+—%mp*’+

+ pfp—l)mp—2 + ... + pm.

Tak kak kKaxip#l 13 GUHOMHAJLHBEIX KOS(QpHIHEHTOB ne-
JUTCA Ha p (MOTOMY UYTO p — NPOCTOE, 3 B 3HAMEHATENRX
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UjNCyia, MEHDbIHE p) M TaK Kak, MO MPEANONIOMKEHHIO, TO e
MOXKHO CKa3aTb K O mP-—M, TO N BCE BHPAXEHWE B NPaBOH

YyACTH pPa3JleluTcss Ha p, T. €.
(m+ 12— (m + 1) =0 (mod p).
Teopema poxasana.

IonoxuM Teneps, YTO @ He JeNWTCS HA p (B3aHMHO MpO-
CTOE C p), TOria 06e yacTu cpaBHeHus! (3) MOXXHO pasfie/IuThb Ha @.
Ionyuaem:
a*—* — 1 =0 (mod p). )
JTuM JioKasaHa TaK HasulBaemas maaas meopema Pepma.
OT TOXKZECTBEHHHX CPaBHEHHI nepexoAuM K CpaBHEHHSM-

ypaBHEHHSIM.
Ecnu f(x) — MHOrOWIeH ¢ uesniMi KOpULHEHTAMH:

f) =cx"+ex™ ! + ...+ ¢y x+ ¢,
H €CJM @ €cTb KOpeHb CPaBHEHHS
fx) =0 (mod p), ©®)
T. e. ecqn f(@) = 0 (mod p), 10 Besikoe uyucso b =a (mod p)

SIBJISIETCS TOXe KOpHeM CpaBHeHust (9).
B camoMm jene, u3 @ = b (mod p) BHTeKaer, 4TO

o= b, a™! =p", ... a= b (mod p).
YMHOXKAsl 3TH CPaBHEHMSl HA Cp, Cpp ..., C,—; H TNOWIEHHO
CKJIa[IBIBasA, TOJNYYaeM:
C,a" = cyb", ca™1 = ¢ b1, ey Gyl =Cp b,
¢, = c, (mod p),
"+ aa™t+ ... g0+, = b+ bt + .+
+ € b + ¢, (mod p),
T. €. fla) = f(b) (mod p)
K, CJIeJOBAaTeJIbHO,
f(6) = 0 (mod p). ©

Ilea kopHsi, NpHHALIEXKaUMe K OLHOMY KJaccy cpasHe-
HH#, MBI He OyZeM CUMTaTh CYIECTBEHHO OTJHYHHMA U cKaxKeM,

YTO CpPaBHeHHe HMeeT KOPEHb:
x = a(mod p).
PaccMoTpuM JiByuJieHHOe CpaBHeHHe
xP—1 —1 = 0 (mod p). )
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Ilo Teopeme Depma Bce uucia, B3aNMHO NpPOCTHE C P,
AIBISIIOTCA KOPHSIMM 5Toro cpaeHenusi. CiefioBaTesbHO, Tak
KaK p — MPOCTOe YHCJO, STO CPaBHEHHE umeeT p— 1 cyuiect-
BEHHO Pa3IMYHBIX KOpHEH:

x=1x=2.,x=p—1 (medp). 8

Jlpyrux KopHefi, o4eBHHO, OHITb He MOXeT [x = Q(mod p)
KOpHeM He siBJIsieTcs ).

KopHu JiByWwIeHHOTO cpaBHeHHf (7) OGNafaloT CBOHCTBAMH,
aHaJOTHYHEIMH CBOMCTBAM KOpHel JBYYJIEHHOIO ypaBHeHUS
x¢ — 1 = 0. Ilycts m — Kakoii-nuGo xope cpaBHenus (7),
TOrJia uucha

m, m?, mé, ..

ABASIOTCS TAKKe KOPHSMH 3TOr0 CPaBHEHHS; 9T0 CNEAyeT H3
TOro, yto obe 4yacTH cpaBHeHHst mP—! = 1 (mod p) moxHO
BosBecTu B JioOy10 crenedb. Cpefl HUX ecTb CPaBHUMHE C
1 (mod p); TakuM Bo BCAKOM cayuae Gypmer me—1,

Ecnn d Hammenbluil mokasaTtesb, NPU KOTOPOM

m? =1 (mod p),

TO TOBOPAT, YTO YHCJO M NPHHALIEKHT (MO MOAYJIO p) K
nokaszaremo d. Te uncna, KOTOpHe NpUHAjNEXAaT K IOKasa-
Teno p — 1, T. e. Te, KOTOPHE Y/IOBJETBOPAIOT Cp aBHEHUIO (7),
HO He YIOBJIETBOPSIOT HHKAKOMY JABYYIEHHOMY CPaBHEHHIO
(mod p) Hu3mell cTeneHH, Ha30BE&M NepPEOOCPASHHIMU KOPHAMU
cpaBHeHHus (7) UM TPOCTO NePeo0OPUBHHIMI KOPHAMU YUCAA P.
JlokaxeM clieflyiolllee OCHOBHOE CBOHMCTBO NepBOOGPasHEIX
koprei. [lycTs g — Kakoi-nu60 nepBooOpasHbl KOpeHb YHC-
na p. Torga psg gucen
g g% ..., g% g [= 1] (mod p) ©)
npefcTaBiseT co6ofi Bee KopHu cpasrenus (7). B cavom gene,
Kamjoe u3 uyucent (9) ectb KOpeHb 3TOrO CPaBHEHHSl, H BCE
OHH MeXJy coGofi He CPaBHMMH, TaK KaK eC/ld JONYCTHTb,
470
g* = gl(mod p) (k! <p— 1, unycrs k > 1),

TO, Hesisi ofe yacTH Ha g' (B3aUMHO NPOCTOE € p), MKl HMeJH Ok
gkt =1 (mod p),

M TaK Kak B — | < p — 1, 10 g He OnsIo 6bl NepBOQGPasHLIM
KOpHEM.
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Takum o6pasom, uucna (9) mpeacrasasiioT co6ofi Bce Kop-
uu (8) ypaBHenus (7), a noTomMy OHHM CPaBHHMI ¢ yuciamu 1,
2, ..., p— 1 (B3sTHIMH, BOOOILE TOBOPS, B HHOM TOPSAKE)
H COCTABJSIOT, CJIEJIOBAaTE/IbHO, MOJHYIO CHCTeMy BLIYETOB.

Mpumepw: 1) [na p =5 oxgruMm n3 nepsooOpasHpIX
Kopuel 6yzler & = 2, TaK Kak 2 siBAsieTcsi KOpHeM CPaBHEHHS
x4 — 1 =0 (mod 5), HO He yZzoBneTBOpSIeT CPABHEHUSIM HH3-
medt crenest x — 1 =0, X2 — 1= 0, x*— 1 = 0 (mod 5).
Tostomy psax uucen: 2, 2%, 23, 2% joyokeH DpelCTaBssATbH BCe
KopuH cpasnenuss x* — 1 =0 (mod 5). Herpynso Bugers,
yTO 3TH uHcna cpaenuMu (mod D) ¢ 2, 4, 3, 1.

12) Ina p = 17 3a nepBooOpasHHi KOpeHb g MOXHO
s3satb 3. Toraa uMcha psija
g’ g2’ gs’ gA, gb, gﬁ’ g'?' gs' gs' glo’ gll’ gls’ gls’ g14,g15 glﬂ = l
6ynytr cpaeruMu (mod 17) ¢ wncnamu ot 1 o 16 (B3siToiMH
B CJelyiolieM NOpsKe):

3,9, 10, 13, 5, 15,11, 16, 14, 8, 7, 4, 12, 2, 6, L.

BriBefieM, HaKkoHen, eimé ofaHo cooTHoeHue. [lycts g —
nepBoo6pasHuii KopeHb mpoctoro uucna p( > 2).

CnepoBaTesibHO,

gl —1 =0 (mod p). (10
Pasnaras JeBylo 9aCTh HA MHOXHTEJH, HMeeM

p—1 p—1
(g“’ —1)(g 2 +2)50(mod P,
p—1

2
g — 1 He MoXeT fiefluTbCcst HAa p, TaK Kak Toraa g

npunaiexano Ok TOKasatemo 2 ;1 W He GHUIO

6el mepBooGpasHuM KopHeM. CulefoBaTesibHO, HA P JOJDKHO
p—1

Jenuteca g 2 +1, a noromy

—1

g %2 41 =0(mod p), a1

1

g = —1 (mod p).

BhiBe/leHHBIMH  COOTHOILEHHSIMH MBI  BIOCJAEJCTBUH  BOC-
TNOJIb3yeMCsl.

A ]

HIH

)
|

M'
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ITpu sToM sameTum, YTO cpaBHeHue g¢ + 1 = 0 (mod p),

MMerolee MecTo, Kak nokaswiBaer (11), mpu & = L _;l , He

YAOBJIETBOPSIETC HH TIPH KAaKOM JPYTOM 3HauYeHHH K B Tpejie-

nax or 1 go p. B camom gene, u3 cpaBHennii g% = — 1
p—1

(mod p) u g 2 = —1 (mod p), Iens mnouneHHO OfHO

Ha Pyroe (IeNHT: MOXHO, TaK Kak Bce Kopud cpaBHenus (7),

a ¢J1eJ0BaTeNIbHO, g B €ro Jrobasi cTeneHb B3alMHO TNPOCTHE ¢

R —1
p), nonyuaem: * 2 = 1 (mod p)— B cnyuae, Koraa k>p—2—,
=1, p—1
aubo g2 =1 (mod p)— B ciyyae, korsa k< 2 . Ho

HH nepBoe cpaBHeHHe IpPH K< p, HHM BTOPOE CpaBHeHUe He
MOTYT MMETb MecTa, TaK KaK g eCTb nepBoOGpasHEI KOPEHb
YHCcaa p.

2. TlepefinéM Temepb K JOKa3aTeJbCTBY PaspellMMOCTH B
KBAJPATHEIX pajukanax ypapaemnsi x” —1=0 B cayuae,
KOrja p — mpocToe uucjio Buja 27 - 1.

Korpa p-—npocroe umcso, TO, KaK Mbl 3HaeM, Kpome
x =1, Bce ocranbube p— | KopHeil IByuEHHOrO ypaBHEHUS
x* —1 =0 sBasioTcs NepBoCOPasHEIMH H COBNAJAIOT € KOp-
HSIMH TIOJIVHOMA

q:p(x):xﬂ—l+xp—2+...—|—x+1=0. (12)

Ecan € onun u3 Kopueii ypasnemusi @,(x) =0, To Bce

KOpHM MOryT OBITb TPEACTaBJIEHH B BHAE
e, €2, &,...,er . (13)

Otcioza, Mexy NPOYHM, SICHO, UTO €CJIH OIUH M3 KOpHeH
BHpaxKaeTcss B KBajIpaTHHIX pajpkanax, TO TO XKe Oyjer
HMeTh MECTO ¥ B OTHOLUEHMH BC€X OCTalJbHBIX KOpHeH.

Mertop 'aycca, KOTOpHIM MB BOCHOJIb3YGMCSsl, OCHOBBIBAET-
¢ Ha CBOeOOpasHOM TNOpsiiKe pacrosioxeHuss Koprefi (13).
INycts g — nepBoo6pasHuii KopeHb yHcyia p. Torja, Xak Obl-
JIO BHIsICHeHO, uucna 1, g, g%,...,g7—2 o6pasyioT NOJIHYIO CH-
CTeMy BHIYETOB 1O MOAYJIO p, T. €. CPaBHHMHI ¢ uYucyamu I,
2, 3,...,p— 1 (B3sTbIMH, BOOOLIE [OBOPS, B APYTOM IIOPSIZKE).
C npyrofi cTopoHH, ecqi ABa uncaa k W [ cpaBHEMH (mod p),
To e*==g!; B camoMm mene, u3k =/ (mod p) crexayer, uto
k=1 pt, a notomy e* =¢! +P¢= glfe?)! = !, Tak Kak =1,

03TOM Jia
Tlostomy umc e, e, I (14)
NpeCTaBIsIOT coboif Te e KopHH (13), HO pacronoxeHnne
B UHOM NOpPsIKE, HMEHHO B TaKOM, YTO KamJblii MoC/eRyHOLIHE
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KOpeHb NpejcTaBiisieT co0ofi g-10 CTENeHb NperiuecTBYIOero
(nepBbIf — &; Hpe}.‘LCTaBJlﬂeT coboil g-10 CTeneHb NOCJENHEro:
(e8” %8 = 8" = g).

Uz p—1 uncen (14) cocTaBuM JABe CJERyIOKHE CYMME!

nop;l (3:2—1~-——quc.no nesioe, TaK Kak p = 27 - l)

cjiaraeMulx B Kax ol — ABa

P—1 _ ysenoix nepuoda (no Tep-
munoJioruy [aycca):

= a-—}—agz +££" +egp—3
M=o} o e

B 3TuX cyMMax Kak[Iblli WieH NpejcTaBiasier g2-10 cre-
NeHb OT M[pefIecTBYIOWEro.

Hokaxkem caepyiowee cBodcTBO 3THX mepuojoB. Ecsu B
HHX TIPOMBBECTH MOJCTAHOBKY, B3fIB BMECTO € KaKoH-HHOyAb
KOpeHb, BXOAsIIHE B COCTaB 1), TO OT TAKOi MOJCTaHOBKH
o6a nepuosia 1, H 1); HE H3MEHATCS; €CJH Xe BMECTO & NOJ-
CTaBHTb KOpeHb, BXOASUMH B MEPHOA 1)y, TO V), MpeBPaTHTCA
B M1, a1 B 1, YOemumca B 3toM. Iloictasum B 1), a sa-
TeM B 1); BMecTo €, Hanpumep, &€ . Torza

N L L e L
+ e o .+ (= 8) =,
(5 )& + (8 )8 ... + (e )7 =
= g + &8 + ... + e (= ef) =1
O6a mepuona ocTanuch Ge3 M3MeHeHHS; H3MEHHWJICS TONbKO
TOPSIOK CIIaraeMbiX. To e Gyner, ecnu MOACTaBHTL JIHOGOH
JApyroit KcpeHb 8™ | nmpuHALIeKAIHIL Mo
[MogcTaBM Temepb BMECTO & KaKOHM-HHOY[b KOPeHb, BXO-
ASIIUHE B 7);, HanpuMep £, IToayunm:
e o (e8' )8 + ... 4 (e8°)6P =0 - o8 4 .., 4 08f =q
(e ) + (28" )8 + ... + (e )67 " =
= g8 4 e + .. —]—a—[—eg = 1,.
Msl BHAUMM, 4TO 1), Nepeuvio B 1;, a N; — B no To ke
NpOM3OHNET TPH BCSKOH NOACTAHOBKe & — e8!

3aMeTHM, UTO NEPHOJHI 1), H 1), Pa3JHYHH N0 CBOEH BeJM-
ypne. Eciu NpeAnojioxuTb, 49TO 1), = 1;, T. €. YTO

et e ..+ e = e’ .+ e
67
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TO, 3aMeHsisl B 5TOM PaBEHCTBE CTeNeHH g MX BHYETAMH H CO-
KpPaTHB Ha & Mbl [OJYYMM YypaBHeHHe (p — 2)-# cTenenu,
KOTOPOMY yIOBJIETBOPSieT €, 3TOro, OJHAKO, OHITb HE MOXKET,
TaK KaK € SIBNsieTcs] KOpHEM HeNpHBOAUMOro ypaeHenusi (12)
(p — 1)-t crenenu. CaepoBaTenbHo, 1, # ;.

Mbl moctapaemMcsi Tenepb NOKasath, YTO 71epuodbt Mo U 1)y
ABNAOMCSL KOPHAMU K8AOPAMHO20 YPABHEHUS C YeAblMU KO03(h-
Puyuenmanu.

ITpexxnme Bcero 3ameuaeM, 4TO

N+ =—1, (16)
TaK KakK cymma 1o -+ 1; €CTh cyMMa Beex KopHel nosnHoma (12),
y Kotoporo KoadpuuueHT npu xP —1 papeH emunupel.
Janee coctaBuM NpPOU3BENEHHE 1), - My:
—3
Mo -1 = (e + &2 + e* + ... + 8 7°) X
X (88 + €83 - e8> 4 .. 4 e&? ),

YMHoxenue OyjieM BLHINOJHATH CJAEAYIOLIHM 00pasoM: Bce
yleHsl NEpPBOH CTPOKHM CHauya/lla YMHOXHM HAa Haxofsiiuecs
HEMNOCPeICTBEHHO MOJ, HUMH 4YJeHbl BTOPOH CTPOKH, 3aTeM
Ha HaxoJsllyecs Ha OXMH YJEH MpaBee, HA JBa YJeHA NpaBee
U T. A., JOTOAHAS HEJOCTAOIIYE C NPOTHBOMONOXHOTO KOHLA

3 «
(nosib3ysich TMPH 3TOM COOTHOLUICHHSAMH: €€ = g8 | g&° = g& PH?

u T I)
TMonyuuM ciexnyollee BHIpaKeHHE:

2 4 —
MM =e T4 g (HOL Y AFOE Y feataw—iy
4 el gl +EMe2 | gl &Y +8(1+g-")gp—3 4+
. p—3
+ g1 +& 4 ell + &g’ + ...+ g1+ &8 +
Lo+ T g T L et TR TR (17)
p—

B kaxpo#t u3 FOPU30OHTAJIBHBIX CTPOK HAaXOAUTCA
cyMMa, npeicTaBiasiomas cobcii pesysabTat MNOACTAaHOBKH B

— 1
fiepHon 1, BMECTO & OAHOro U3 p 2 quceJi:

! Nnu tak: kopuu (14) sto Te xe kopuu (13): HO ¢ ecTh KOpeHb
nonuHoMa (12), a moromy

ep—l L ep—24 ... +eg4+1=0,
Wi EP—1+8P“2+,.,+5=.~].
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ghte, glte® | glies glyer~? (18)

Kaxpoe us uucen (18), npeacrasassi coGoit crenensb e,

fAB/IsieTcss KopHeM nonutoMa (12); uckiiouenye Morvio 6wl mpeg-

CTaBHTBCSl JIMIIb B TOM clydae, eciH Obl HEKOTOpHe wuucia
obparunuchk B 1. 310 MOrJIo Obl HMETb MECTO NPH YCJIOBHH

1 4 g%+l = 0 (mod p).
Ho 3To cpaBHeHHe He MOXET HMeThL MECTa, NOTOMY YTO,
KaK MH BHZenH, cpasHenre | + g% = 0 (mod p) MoxxeT umets

—1

MeCTO JHLIb MpU k = p—2-; Ho 2¢ + 1 He MoxeT paB-

~1 —1
HATHCS ﬁ;. TaK Kak pT ecTb yucjo yétHoe. [lostomy
HH ofiHo M3 uucen (18) He paBHO emMHHLE M, CNeJOBATENLHO,
BCe OHU SIBJAIOTCA KOPHsiMu nosimHoMma (12), a motomy BXo-
AT 6o B COCTaB mepuoja v, Jau6o 7,. B nepsom cayuae
pe3yJbTaT NOJCTAHOBKH JAET 1), Y, CJeJIOBaTeJbHO, COOTBET-
ctByromas crpoka B (17) paBHa 1,, BO BTOPOM cCjydyae OHa
Oyzer paBHa 1;. Eciu moe yucen us pspa (18) npunapnexar
My @ OCTajJbHBle m; TNEepPHOZy 7);, TO Halle NpPOM3BeJieHHE
M, - M1 TNPHUMET CJEAYIOUMEH BMA:
Mo - M = Myl + myM, (19)
~ p—l
npuuéM m, + my = —5—.  Ilpoussesenne n, Ha 1, npes-
CTaB/sleT, TAKHM 00pa3oM, MX JHUHeliHyl0 OAHOPOAHYIO (YHK-
M0 ¢ HeapiMH KoaddunueHTami. Mbl nokaxewm, GoJiee Toro,
4TO My = M.

Ilns1 3TOrO COCTABHM TO JKe NPOH3BEJIeHHE NEPHOMOB 1), U
11, HO OYJEM MHOXKHTH 7); Ha 1o (YMHOXxeHHe OyjeM IPOH3BO-
JUTh TEM 2Ke METOJ0M, YTO H BHIllle, HO TOJABKO NPH MOJYYEHHH
TIePBOil TOPH3OHTATBLHON CTPOKH BMECTO 4YHcesa €, &%, ...,

¢€P ~% posbMéM paBHble um e8” ! e? T eg¥ 8,
M1-Mo = (8¢ + 8 + &5 - .. + e8” %)X
X(e + es? + et + . + 8”7 =
=+ f (P TS 4 PP

Fe(ref | G4 1 4 ((10F 77

R R A LI R U " (R o b k)
[TonyuenHoe mnpousseneHHe MNpPeACTaBjasieT COOOH pe3yJb-
TaT NOAcTaHOBKM Tex ke uucen (18), Ho yxe B mepuon 1.
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Tak kak mo npexpnosnoxenuio m, u3 uucea (18) npunaznexar
Nepuosly 1, a My — NepHOAY 1);, TO
M =Ny = M, M+ my * No (20)
CpasuuBas (19) um (20), nHaxogum
mg, + m, = mon, + mMe,

80
(my— my) (g —m) = 0. (21)
M 1ak Kak g+ My, T0 my—my =0, T. e. my = m,.
—1
Y TaKk Kak cymma uX m, + my = p2 » TO M= my =
p—1
= 4 -
CrenoBatenbHo,
p—1 p—1
o ‘n1=mo(ﬂo+ﬂl)=_'—4 - (— 1) =— y
Hrtak,
p—1
M M =——73—- @2)

Orciona u u3 (16) cuenyer, uTo %, u 1); CJAYKaT KOPHAMH
KBaJIpaTHOTO YpaBHEHUS
p—1

Z+z———=0. (23)
OTtkyna
—1+Vp
z2 = 5
H, CJeloBaTejbHO?,
—1+Vp —1—Vp
o=y M=t (24)

Takuv o6pa3oMmM, Mbl HE TOJNBKO NOKasajiu, 4TO N, H 7
SIBJISIIOTCS. KOPHSIMH KBaZPaTHOrO ypaBHEHHs C LEeJbIMH  KO3()-
¢GuuKEeHTaMH, HO ¥ BBIYMCJMJIM HX 3HAYEHHS.

. —1

Teneppr BO3BMEM pT -YIEHHEE TMePHONH T, M 1y H

KaxKiplil B3 HUX Pas’oObéM Ha JIBa NMEpPUOZA C BABOE MEHBIIMM

YUCJIOM YJICHOB:

N, =&+ e + & 4+ ..+ ee” %,
N = g8 + eg® 4 e + ... + e£” 75
N = ef + 85 4 eg® + ... | &£ 7

n' = e8% + e 4 o0 ... + e8” % (25)

! Or vac sabHCHT, Kakoli KOpeHb ypaBHeHHs (23) HpHHATH 32 T4
M Kakoit 3a %;. ITO CBSI3aHO JHUib C BHIOGOPOM NEPBOOCPA3HOTO KOPHS e,
KOTOpult Obl1 B3SIT MPOM3BOMLHO. Mul mpumem %o >0 B 7 < 0.
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Bce KOpHH jaHHOTO ypaBHEHMs, TakuM 0o0pasoM, pacmpe-

—1
JEJIeHH MEeXAy UeTHphMs -~ 7 "WIEHHHMH  [eprojaM,

npu4éM

o Fne=m uny+ny=mn. (26)
B RaxzoM u3 nepuonos (25) nocsenymoluii uieH npeg-
craBasier g! -0 creneHb npepuwectBywowero. Ilepuoger (25)

—1 .
aHaJIOTHYHO p2 -WIeHHbIM [E€pHOJaM 06najlaloT CBOMHCT-

BOM: NpH MOZCTAHOBKE B HHX BMECTO & KaKOro-HHOYZAb KOPHS,
BXOJISILIEr0 B COCTaB mepuopa 1’ Bce 4 mepHoja He H3Me-
HSIOTCS; TPH TIOACTAHOBKE BMECTO € KODHsl, NPHHAJ/IeXKAlero
nepHony M'y, M’, NEPEXoguT B Ny, 'y B N'2, 12 B Mg M N’y
B 1)',; NPH INOACTAHOBKE KOPHsl, NPHHAJIEIKAIIEr0 NEPHORY
n’e, N’y NEPexomuT B 0’2, 'y — B N's H T. . B LHK/IHUECKOM
nopsiaKe. B NpPaBHJIBLHOCTH 3TOrO MOXKHO YOEQUTLCS Hero-
cpeicTBeHHO!I mNoJcTaHOBKOM. [lOKaxkeM Ternepb Caenyloiee
CBOHCTBO 3THX NEPHONOB: Kaxcdas napa nepuodos M'o u M's
u 'y, M's yoosremsopaem KeaOpamHomy ypaskeruto, xospu-
YUeHMaMU  KOMOPO2O CAYJSAM PAYUOHAAbHbE (DYRKYUL Om
nepuodos M, H 1.

Bospmém, nogoxuM, napy n’y ¥ M’s. OTHOCHTENBHO HUX
HaM M3BecTHO (26), 4TO cyMMa HX paBHa 1, CocTaBuM Tenepb
npoussefieHue 1’y - N'2. YMHOXeHue OyJeM NPOH3BOAHMTHL
yKa3aHHHM BHIIe CrOCOGOM.

Wola= (et 4+ e . te® )X
X (8g2—|—aé’+eglo +... —I—sgp—s) =

2 2y g4 15228 2y g0—5
— g!te —I-—8<l+g)g _]__S(TE)E +...+8(1+§)g +
—5
1485 | _(+ebet (1+e5e P
+e' +e +...+¢ +... 4
14+8P—3 1+gr—3)gt 14+-gp—3)gP >
R o L S R 7/
B nosiyyeHHOM BEIpAXEHUM KaxJas H3 P : rOpH30H-
TaJbPIX CTPOK NpeACTaBJsieT co0OH Pe3yabTaT NOACTAHOBKH
B 1epyoj 1’y BMECTO & OJJHOTO H3 YHCeJ
gl+e® gl+e® | elt e (28)
SIBJISIOLLMXCS, KaK CTereHH &, KOPHsIMH ypaswenns (12) u
NOTOMY BXOJSILIMX B COCTAB TOrO HJH APYroro nepuozos (14).
[Hu omuo u3 umcen (27) He ofpawaetcss B 1, Tak Kak jns
9Toro GuWI0 GH HeoGxoguMo, utobh 1 + g2+ 1) = 0 (mod p),
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a 3TO CpaBHEHHE YIOBJETBOPSIETCS JIHMIIb NPH [OKa3atelie

—1 —1
CTeNeHH, paBHOM £ 5 » HO p2 nequtes Ha 4, a 2(2f 4 1)

HH npu KakoM £ Ha 4 He pesntes. | [TosToMy Kaxzast U3 ropu-
S0HTaJILHBIX CTPOK B PaseHCTBe (27) OKasbiBaeTcsi PaBHOU He-
KoTopomy 1.

Ecnu npefnoJIOXHTb, YTO cpeau 2 uucen 28) m’,

NpHHAZeXaT nepuony v, m’y; — nepuony M'y, m'y — ne-
puogy 1’y ¥ m’y — mepuofly 1’;, TO paBeHCTBO (27) npuMer
BHJ
Vo Na=my-notm'i-n1+my.-ny+m's-n5 (29
[okaxeMm, uto m'y = m'y 1 m'y = m’;
Jlis1 5TOTO COCTaBUM MpPOHM3BEJICHHE TeX e NEPHOZOB 1),

"'y, ymMHOXast N’y Han',, NpH TOM NOJYYHM £ 3 ropu-
3OHTAJILHHIX CTPOK, KaxKjasi W3 KOTOPHX OyjeT NpeiCTaBJSATH
co6oii pe3yJbTaT INOJCTAHOBKH TeX ke uMcesn (28) B nepuox
1’s. Torpa, coryiacHo OTMeYeHHOMY BHIILE CBOKCTBY 3THX Ile-
PHOJOB, OT TOACTAHOBKM m’y KOpHeil, mpHHajJeXalluX Ie-
pHony "', MBI DOJIYYHM m', CTPOK, PaBHEIX Kaxpas N'se; OT
MOACTAHOBKH m'; KOpHeil, BXOASIMX B COCTaB mepHoia 1'y,
NONy4uM m’y CTPOK, PABHHX N'y, M T. J. B IHMKJIHYECKOM IO-
pagke. OKOHYATENBHO MONYYHUM:
Ny ~n'o =m'y-ny+ m'insg+my. "1'0 + m'y -’y (30)
CpasuuBass (29) u (30), nomyuaem:
m/onlo + mllnll + mlznlz + m’an’3= m'on’ﬂ + mllnla'"
+ m'a’y + m'm’y,
WIH

(m'y—m'am’y + (m'y — ”}'3)‘1'1 = ({n'o — m’ )’y +
(m 1 m 3}’] 3

OTKyJa
(m'y—m')) 'y —M'9) + (m'y — m'y) 'y —n'y) = 0.(31)

Ecau npegnosoxuTh, YTO Kakoi-HuGy/b M3 KoagduiueH-
TOB m'y — m'y 1u60 m'y — m's B pasenctse (31) oTnuen OT
HyJisl, TO MHl Obl MMeJi¥, TIOACTABASISI BMeCTO 1)’ UX 3HAUEHHS H
ynpoinasi, COOTHOIeHHE (C palHOHANbHEIMA KO3(pbHLMeHTaMH)
He Buile (p — 2)-# creneHu, KOTOPOMY YAOBJETBOPSWIO GH €.
A sTOro OHITH HE MOXKET B CWJly HENPUBOSMMOCTH MHOTO-
yiera (12). Urak,

moy—my=0um'y—m'y=0Te my=myumy=m,
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INostromy u3 (29) monyuaem
e = m'ymy+1's) + m'imy +1's)
W, MpuHKMMash BO BHMMaHHe (26), OKOHUATEJEHO HMeeM
n'gny’ = m'g’y + m'imy. 32)

A orcioza u u3 (26) crnenyert, 4to N’y U 1’y ABJAIOTCA KOp-
HSIMH KBaZipaTHOIO ypaBHEHHS

2* — N2 + (m'o'r]o + mll 7]1) =0 (33)

¢ kos(ppunyenTamMn, PpaUHOHANBHO 3aBHCALIMMH OT 1)y H 1.
CoBepiIeHHO TO Xe MOXHO ObLI0 OB NOKa3aTh M I Ipy-
rofi maphl NepHoiOB M’y ¥ M's.
ITpouecc o6pasoBanusi NepHONOB CO BABOE MEHBIIMM YHC-

—1
JIOM 4JleHOB mpojosixaeM zganbure. CoctablisieM P -yJieH-

HEIE IePHOJH M TaK )Ke, KaK BHILIE, NOKa3HBaeM, YTO OHH SIB-
JISIIOTC KOPHSIMH KBaJPAaTHOTO ypaBHeHus, KO3((HIHERTH

—1
KOTOPOTO PAIlHOHA/IbHEIM 06Pa3oM 3aBHCAT OT 2 -UJIeH-

HBIX TEPHOZOB, H T. . B peaynbrare, Tak Kak p — 1 = 27,
nocse (m — 1)-ro gesiedys MBIl NOJYUHM JBYYJI€HHbIE NMEPHOAH,
KAWL U3 KOTOPHX OyfeT SBJAATHCS KODHEM KBaJIpaTHOro
ypaBHenusi ¢ KosbuIMeHTaMH, DALHOHAJLHO 3aBHCAIHMH
OT NPENIECTBYIOMMX (4eTHpEXWIEHHBIX) NEpPHONOB. TaKoB
6yner, B YaCTHOCTH, NePBHIt H3 [BYYJEHHHX IePHOMOB:

nem = & + o855, (39
p—t
3ameyasi, uto g 2 = — 1 (mod p) u obo3nauas giA
KpaTKocTH M,™—1Y uepes §, nonydaeM
et e1=¢
HJIM, OKOHYaTesbHO,
e2—E 1+ 1=0. (35)

€, CJIeIOBATENILHO, ONMPENeIUTCs KaK KOPEeHb 3TOrO MOCJAefHero
KBaJIpaTHOTO ypaBHEHHS.
Taxkum o6pa3oM, JOKa3aHO, YTO & HAXOAMTCA NMyTEéM mocie-
JOBAaTE/IbHOTO DelleHUs IIenH KBAJIpaTHHIX ypaBHeHHH.
IlepeoobpasHvili  KopeHo € OBYX4ACHHO20 — YPABHEHUR
x* — 1 = 0 (6 cayuae, koeda npocmoe p = 2™ 4 1), a caedoeq-
MeAbHO, U 6Ce KOPHU 3Mo20 YPUBHEHUA 68blpajcaromes, Kak
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Mbl BHAMM, 6 Keadpamroix padukaiax u mozym nosmomy Goime
HOCMpOeHsl YUPKYAeM U AUHelKOL.
3. CnenaeM Tenepb HECKOJBKO 3aMeYaHH#i 00 MOBOLY
NPOCTHX YHces BHZA
p=2" + 1.

Ilpexpe Bcero 3ametuM, 4t0 uymcio 2™ +4- 1 MoxeT OHITB
NPOCTHIM JIMIIb B TOM CJyYae, ecH MOKasaTesb /M caM eCThb
ctenedb ABofiku. Ecin GHl 3TO GbLIO He TaK, TO M JeJHJIOCH
Obl Ha Heuémnuoe uucao g (<L 1):

m=gq - s.
Ho Torza
p=2"4+1=2954+1= (257 41,
M TaK Kak ¢ - HeuéTHoe, TO (CyMMa Heu&€THHIX CTeneHeff
JeNUTCS Ha CYMMYy OCHOBaRMil):
p=@)Y+ 1= +1)@9=" —25072) 4 4.
p, CleloBaTe/IbHO, He ObLio OBl NMPOCTHIM YHCJIOM.
IlostoMy m = 2¢ n, clegoBaTesbHO,
p=2% + 1 (36)
Onpuako He Bcsikoe uMcno Bupa (36) sBisileTCs MPOCTHIM.
Ilpocteie ymena nosnyunM npu k=0, 1, 2, 3, 4:
3, b, 17, 257, 65 537

INpocteie uucna (36) ans k > 4 Heu3BeCTHH. Ye MpH
k =5 c¢opmyna (36) paér, Kak nokasaj Diuiep, COCTABHOE
YHCJIO;

p=2® 4+ 1=2%_11=4294967 267
zenutcst Ha 641, Uncno 22° + 1 = 264 4 1 Toxe cocraBHOE
(nenutca Ha 274 177).

HccnenoBanusiMu, BeJUIHMHUCS IO HACTOSIIETO BPeMeHH,
YCTaHOBJIEHO, YTO COCTaBHEHIC YHC/A TNOJYYAIOTCS TaKiKe IpH
k=178, 9, 11, 12, 15, 18, 23, 36, 38, 73. Has Kaxgoro
#3 HuX (KpoMe cnydaeB k = 7,8) HaiifleH OAHH JeJHTENb;
taK, 22° 4 | genmtest Ha mpoctoe umcao 5 - 2° 4 11

4. PaccMorpuM Tenephb B KauecTBe NpHMepa cHayajia ypae-
Herne x® — 1 = (.

p=5=224+1, Ox)=x*+ 2+ x4+ x4+ L

Onun u3 nmepsooGpasHHX KOpHeH 5 ecTh, KaK MH BHJEIH
BHILE, g = 2 U TIOTOMY

g g g g

1Cm. B. Tpocr, INpocrye uncaa, M., 1959, crp. 46--48,
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cpaBHuME (mod 5) ¢
2, 4, 3, 1.
ITostomy
N =8+ et un = e 4 €3,
TIlepront M, 1 1, HaiinyTca cpasy no QopMynaM
hom TLEVE 1= VE
3ameuas;, yTo £* = &—1, numem
e+ e 1= -_14;1/5 ,
WIH
2¢? + (1 — Y 5)e +2=0.

Orkyna (p3siB, HampuMep, NMOJNOKHTENBLHOE 3HAUEHHE KOp-

HA)
—1+VF+: Viot+2ys

OCTaJIbeIe KOPHH ypaBHeHHﬂ x¥—1=0 6ynyr s’
b ——
L (&= 1)
,Hnn JieNleHHs1 OKPY*KHOCTH Ha 5 paBHEIX yacTeil (nocrpoemm
[pPaBUJILHOTO NATHYTOJBHUKA) MOXKHO MOCTYNHTb TaK. Boab-
MEM pelleHHe ypaBHeHHS x® — 1 = 0 B TPHroHOMETPHYECKOH

dopme:

& =

&(= &) = cos 2i+‘ i sin —%’3,

4r 4z
82_‘COS——+151n 5’
6n 61c 4z 4
3 _ — — = = __ =
€ cos —I—tsm 5 cos i{sin 5
—cos— —l—tsm§— = CO0S 2—1----tsm2
5 5 5 5°
Orcrozia
= g+ ¢t =2cos-25f,n1—- e2+33-—2cos4;
H. cnepoBarenpHO, B YaCTHOCTH,
cosF=m_ Z1=Vs
5 2 4
Torga
2 1+1s
cos = = cos (n — ¥ =—cos4—’°=i.
5 5 ) 4



W3 nocnenHero paseHCTBa BHITEKAeT CAEAYIOLMiI croco6
NOCTPOEHHS] MPABUJILHOTO NATHYroAbHMKaA (uepT. 5).

Bepévm OKpY»KHOCTb H MPOBOAMM JBa B3aNMIO NepHeHJH-
KyaspHux guamerpa AB u CD. Paauyc OB peaum B Touke E
nonosiam. IlpoBoguM AyTY ¢ ueHTpoM B Touke E paauycom EC,
nepeceKaloulyro HamMeTp B Touke F. 3ateM pajuycoM, paBHEIM
BF, c ueHTpoM B Touke B [iejiaeM 3aceuky A; Ha OKDYHHOCTH.

Hyra AA; ectb % 4acTh

2%
OKPYXKHOCTH — -,

JlefCTBUTENBRO,
OE=1L1.
2
EC=y/ L1, _V5,
4 +1 2
EF = EC;
BA, = BF = BE + EF =
1+ s
2
Nz Ttpeyronbuuka ABA,
_BaA_'+Vs _1+Vs _ x
cos=ABA, = Y --cos5 :
2
TakuM obpasoM, < ABA, = % , @ TOTOMY LEHTPaJbHbI
~A0A, =2—; ,

OtknanpiBasi N0 OKpYKHOCTH Ayry AA;, cTpoWM HCKOMBIf
nstuyroapauk AA1A,AA,.

KpoMe H3JI0XX€HHOTO, CYLIECTBYIOT, KaK M3BECTHO, H ApY-
r'de crnocoObl NMOCTPOEHHS NPABHJBHOrO MNSITHYTOMbHHKA.

PaccMoTpuM B KayecTBe BTOPOTO IpPUMEPA YpaBHEHMe
x'" — 1= 0. Ona p = 17 oguuM M3 nepBOOGPasHHX KOPHCH
CAYXKHT g = 3.

Yyucna:

1, g g2' ga’ g«l’ gﬁ, gﬁ’ g7, gs’ gs, gw' gu, gl2, gw, gu' gw
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CPaBHUMBl, KaK MBI BHJIEJH, C YHCJIAME:
1, 3,9, 10, 13, 5, 15, 11, 16, 14, 8, 7, 4, 12, 2, 6.
CocraBnsieM maa’iél1~ = 8-yJieHHHIX nepuoja.
1’]0’:‘-8+89+813+815+8m+88+84+82,
M= &% 4+ €10 & + ell 4 gl | &7 4 gl2 | b,
Mo ¥ My MOTYT OHITh OMNpEZeNeHbl N0 dopmyse (23) Kak KOpHH
ypaBHeHHsA:
X—x—4=0.
Kakoii KOpeHb 3TOTO ypaBHeHMS TMpPHHATL 3a 1), M KaKoh
8a 1),? 210 3aBUCHT OT Bbibopa €. Ecsin 32 & npuHATL nepBuiit
KOpeHb, T. €. € = g = COS 2 + isin f—’;, TO HEeTPyLHO

BHZETh, 4TO 1, > 0, am; < 0. B camom pneste, 3amensis el7—Fk

2kn
yepes &€~ % u 3ameuass, uro &* -} e—% = 2 cos T3

BHAMM, 4TC 1; = 2 cOs i:;— +2 cosl—(l);’E + 2 cos !f—:

4%
-+ 2 cos 11—7T < 0, TaK Kak 3gech 3 cjiaraeMbix OTPHLATEIbHE

6r 4
W JIHIIb OfJHO 2 COS —l—; > 0, HO yixe 2 cos %‘ = — 2cos

o . 6r
Mo cBoell aGCOMIOTHOH BeJHYHHe OoJiblwe, 4YeM 2 cos — .

17
S vy
2 ’ 2 :

3
17

INosTomy N =

Hanee cocrapiisieM YeThipEXUIEHHBIE EPHOJEL:

y0=8+813+816+64,
yl=€9+815+88+82,
Yy, = €5 + &8 + el% 4 gl2
Ys = gl0 4 gl | g7 4 &5
ITpu stoM
Yo+ Y=g, 2 Yo+ ys =M.

! Ecou rotosoki ¢opMynioffi He no0JAb30BaTbCS, TO Cpasy BHAUM,
4TO0 7o} = — 1, B HEMOCpPeACTBEHHLIM BHuHCJeHHEM yGexaaeMmcsl,
YTo oo p= —4.
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Cocrap/sieM npOH3BEACHHE Y, HA Yy.
Yo - th = slo+ gll -+ Iy + et +
4 e% + et - & + €2
+ &+ e + &8 + % +
+e+ S+ e¥tel=yty+typty,=—1
[ostoMy y, H Y1 — KOPHH KBazZpaTHOrO ypaBHENHs

yP—ny—1=0.
KopHu 5TOro ypaBHEHHS PasHEIX SHAaKOB. 3a Y, HYXKHO
B3ATb NOJOXKHTENbHbIN Kopenb, NoTOMYy 4TO Y, = & + &1 +
+ e+ e t=2c0os = —l— 2c058” >0. CreaosatenbHo,

%+ V n +4
bo="% -

Cocrarnss Npou3BELeHHe Y, Ha Y, YyOexzaeMcss, YTO U
Yo - Ys = — 1. A TaK KaK ¢, - ys = M, TO Y5 HY; YAOBJIE-
TBOPSIIOT KBajPAaTHOMY YPaBHEHHIO

P—my—1=0.

3a y, HYXHO NPHHSTL NOJOKHTENbHBIA KOPEHb 3TOro

yPaBHEHHs, TaK Kak

Y=+ e? 4 &8+ e® = 2 cos ——l—2coslﬁl1
= 2cosf—: — 2 cos 7" 5> 0
2
CnefoBareIbHo, U= mA Vit ‘2”01‘*‘4 ]

CocraBnseM, HaKoOHel, ABYUYJIEHHHE HEPHOMLL

zy = e+ &' zl—-e“-{-s‘ zg—s°+e" % —-e“‘+s’

Ham AOCTAaTOYHO B3ATH JBa NEPBLIX MEPHCAA 2, H 2;.

Cymma ux
20 + 2 = Yo-

CocraBasieM npoH3BeReHHe 2, Ha 2;:
g =89+ e+ et =y,

68



CnefoBaTeNbHO, 2, H 2y — KOpHH KBAampaTHOroO ypaBHEHHA
22— Yo2 + Yys = 0.
KOpHH 3TOro ypPaBHCHHSI OAHOrO 3HaKa, HO JIerko BUJIETH, YTO

20 > 2,
TaK Kak
2:
2, =200s=, az=2cos?"
17 i7°
IMostomy
%tV yf — 4y,

2 =

H, nakomeu, yroObl HaiiTu e, COCTaBJIﬂeM YpaBHeHHe
e+ e—1=2,

Ha e2—ze4 1=
-;——

& HaliféTcst KaK KOpeHb 3TOrO yPaBHEHUSI: & = %,
nepes KopHeM Gepém 3HaK +,. MOTOMY 4TO 2, = 2 cos l
CAeloBaTeNbHO, & = ?" + (&) ] =_; +

i ) 2 2n
+1 l/ —(i"-) cos isin=.

1 2 + 17

INepexonum Tenepp K camomy NOCTPOEHHIO TIPABHJILHOTO
cemMHaguatuyronbiuka. Ham, cnefopatenbHo, npHzéTcss no-
CTPOMTb CJEAYIOUUEe MATH OTPE3KOB:

_Vvig _ . _ VY 1
"'lo—"‘2—' 9’ “11——*——2-—-—?.

2y 2n
(-—2- = cOs—J7- ; 0STOMY CaMoe & J1A TOCTPOCHUS He NOTpe-

Gyercs).
TNoctpoenne npoussozuM creRyiomuM o6pasom (dept. 6).
Bepém OKpy:KHOCTD paguyca, paBHoro 1, 1 npoBoauM ZBa B3a-
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HMHO NeprneHJuKyAapHuX auamvetpa AB u CD. 3a nosnoxurens-
HOe HanpapJieHHe M0 FOPH3OHTaNbHOK ocH mpuMeM oT A K B,
Tak yro BnpaBo or O O6yzeM OTKNajHBaTh OTPHLATENILHHIE
orpesku. Paguyc OA pesaum Ha ueThHIpe YacTH ‘M CTPOUM

OF = —;
TOr 12 —
EC= |/ 0G+ 0B =]/ 1+ =1r

W3 E xak u3 uentpa paauycom, paBHeM EC, nenaem Ha
ropu3oHTanbHOR mpsiMoit saceuku F m F', Tak yto

EF= — '2" u EF = Vi’ .

.54

i 0 Ay
Yepr. 6.

3areM u3 Touek F u F' cooTBercTBEeHHO paguycam M FC
u F'C penaem saceuku G u G'.

Torgpa 1
OF = OF + EF = — p —YIL_ %,
r __ ' __ 1 1_ To
0G =OF + FG = OF + FC = > - (1"21_)’4.1 = g,

0G' = OF' 4+ F'G' =OF +F'C= %4_]/(%0 )2_|_ 1=y,

Hanee na AG Kax Ha JMaMeTpe CTPOUM MONYOKPYKHOCTh,
Kotopasi nepecekaer paauyc OC B Touke H, ¥ u3 Toukn H
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4

K H 0G
nenaeM 3aceyky K paxuycom HK = —- . 3ateu s houxn K
pamuycomM HK penaem saceyku L u L',
Torpa
LO+ OL' = LL' = 2KH = 0G’ = y,,
LO .OL'=0H?= A0 - 0G =0G =y, .

CrnenoBatenbio, LO u OL’ — KopHH ypaBreHusi (24) m
MOTOMY COBNAjAlOT € 2, M 2, ¥ Tak Xak LO > OL', 10

LO = 2.
Hens LO nomonam, mnonyuaem
LO 2z, 2n
MO =7—7 =COSTT.

BocerapiisieM B Touke M nepneHAMKYJAp, KOTOPHIA nepe-
ceKaée'r OKPY’KHOCTb B HCKOMO# Touke A, (u A;q). dyra AA; =

419

1'7".

OTksappiBast 3Ty AYrY MO OKPYKHOCTH, CTPOMM IPaBHJIb-
HHf CeMHazUaTHYTONbHUK.

5. Boime MBI y6efuaHCh B TOM, YTO IPH NOMOIM LHPKYJIs
M JHMHEHKH MOXXHO PasfesIiTh OKPYXKHOCTR Ha p 4YacTefi, rpe
p — rayccoBo NPOCTOE YHCJIO.

Mel mokaxem Temepb, YTO 337a4a JEJEHHsi OKPYXKHOCTH
Ha n yactell BHINOJIHHMA JJIS BCAKOFO 1, UMEIOUIEro BHJ

n=2%.ppa---pp

rie p, — pasiavuHele NpocTsle yueaa Bupa 2™ 4- 1.

Jns sTOro foKameM CHayala CJELYIIee NpefJoxeHHe.

Ecau OKpyXHOCTb MOXKET OHITh pasgenena (UHpKyJeM
U JIMHeiKo#) Ha @ ¥ Ha P} yacTeli W eciua ¥ f — Ync/Ia B3aUMHO
OpocTHE, TO OKPYXKHOCTH MOXKHO PpasjesuTh H Haa - B
uacteil. B camoM pente, Tak Kak (¢, B) = 1, To MOxXHO nogo-
GpaThb IBa TaKUX LEJHX Ykcaa ¢ ¥ b, 4TO

a-a+p . -b=1
Henst Ha n = o - B, nomyyaeMm

1 a b
=?+T'

n
1

Uto6hl MOCTPOMTb-— -0 HaCTh OKPYKHOCTH, HYIKHO,
n

1 i
caeiosaTeNibHO, Q pas B3SITh 7 -10 YacTb M b pas — -0 YacTb
a
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H CJOXKHUTH (BBIYECTH); BCE 3TO BHIMOJHHUMO LUPKYJEM H JiH-
HEHKOM.

HanpuMep, uto6bl pa3zesuTh OKPYKHOCTh Ha 15 paBHHIX
yacteii (n = 15 = 3 - b), 3ameuaem, yro

(—3 -3+2.5=1

1
Takum o6pasoM, Msl rro,rrythT5 yacTb OKPYXKHOCTH,
2 3 .
eCH 13 - BEINTEM 5 € YacTH.

Touno Tak xe pja jgegeHuss Ha 170 wacred 3ameyaeM, 4TO
170 = 17 . 10, rme (17, 10) = 1.
Jajiee HaxoguM, 9TO

3.17—5.10=1
1 3 5

n —_—_——= .
170 10 17

1 .
—]_75 YyaCTb OKPYXHOCTH IOJNYYHM, BHUHTAs U3 —l% eé

5 eé ugacreil.
17

YcTaHOBJIEHHAs BHILE TeopeMa HWHIYKTHBHO 0000LiaeTcst
Ha Jo0oe YHCIO /M NONAPHO B3aWMHO TPOCTHIX UYHCEJ O,
(12,..., am.

JonycTum, 4TO, yMesi Pazgeantb (UHPKYJEM M JHUHEHKOH)
OKPYKHOCTB Ha O;, Ha @, ..., Q,_] 4YacTeil, Mel MOXeM
JeNuTh OKPYMHOCTE Ha d =@; - Oy ..., O, YacTeil.
Torpa, Tak kKak d ¥ @, B3aUMHO npocTee, a Ha d yacteil (no
JIONYIIEHHIO) ¥ Ha 0, YacTeH (N0 YCJIOBHIO) MHl JIENIHTb OKPYXK-
HOCTL YMeeM, TO IO IOKAa3aHHOH BHILIE TeOpeMe CyMeeM pas-
jenutb H HAa n=d -0, =0; : Oy..0, 1 +Q, 4YacTed.
ODTHM TeopeMa JOKasaHa.

Ilycrs

n=2%.py - Py..py.
Mu ymeeM JesuTb IMPKyJieM M JMHEHKOH Ha 2, Ha 4 u Bo-

obme Ha JoGoe uucno 2% wacredl. Ilo njokasannomy paree Ml
yMeeM pasfieSIHTh OKPYKHOCTb U Ha pi, HA P2, ..., P, UACTeH,
u6o BCcé 370 rayccossl mpocThie yncaa. M Tak Kak Bee  9TH
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yHpcJia B3aUMHO TIPOCTHIE, TO MBI CyMeeM PasfiesIiTh OKPY3KHOCTb
¥ Ha YUCJO yacTed, paBHOE NMPOM3BENEHHIO THX YHCEN, T. €.
Ha # yactedl. DTMM M JoKa3aHa JOCTaTOYHOCTb YCJIOBMSA, HeOG-
XOJMMOCTb KOTOporo Obinia ycTaHOBJeHa Hamu Boiue (§ 4, 3).

HTag, HaMy TOJHOCTBHIO JIOKa3aHO CJEAylouiee IMpefso-
JKeHue.

Paslesumb OKpyxcHOCMb YUPKYseM U MUHelKol Ha n pas-
Hotx uacmedi (MOCMpPoOUmb NpPagUAbHbIL N-YeOAbHUK) 603MOXCHO
8 MOM L MOABKO 8 mOM CAydae, K020Q N 4ucAO euda

n=2%p; - Ps.Pp
20e o — nPOU3BORLHOC Yen0e NOAONCUMEALHOR HUCA0 UALL HYAb,

a p1, Pgy..., Py — pasiuuHeie mexcOy cobod npocmole HUCAQ
euda 2" + 1.
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